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Bias expansion -> describe clustering of DM tracers

Locality and the bias expansion

Rooted in the hypothesis of locality of galaxy formation

Figure 6: Sketch of the spacetime region involved in the formation of tracers such as halos or galaxies. Time is running
vertically. The solid line denotes the fluid trajectory xfl(⌧ 0) from a Lagrangian position q = xfl(⌧ = 0) to a Eulerian position
x = xfl(⌧) at time ⌧ . The shaded region with a comoving spatial extent of order R⇤ denotes the region from which the matter
within the galaxy and its host halo originates, or the region of influence feedback processes—whichever is larger.

complicated dynamics of the formation of galaxies (Sec. 2.10).
When considering galaxy formation as e↵ectively local, the only quantities that are relevant for the

formation of galaxies are then the density and the tidal field @i@j�(xfl(⌧ 0), ⌧ 0) along the trajectory of a
Lagrangian patch enclosing the galaxy ([88, 131]; Ref. [125] only considered the matter density along the
fluid trajectory). One way to prove this statement is to invoke the equivalence principle, which states that
in a free-falling frame, such as that comoving with the trajectory xfl(⌧), the leading locally observable
gravitational e↵ect is given by second derivatives of the metric tensor. Moreover, essentially all tracers
of the LSS are non-relativistic. Then, the only relevant component of the metric tensor is the time-time-
component. On sub-horizon scales, this is in turn equivalent to the tensor @i@j�, where � is the gravitational
potential defined in Eq. (1.2). This tensor can further be decomposed into the trace r2� which is directly
related to the density perturbation � through the Poisson equation; and the trace-free part Kij [Eq. (2.22)],
which quantifies the tidal field proper. An alternative, more rigorous derivation of the same result is given
by the Conformal Fermi Coordinate (CFC) approach [145, 146], which clarifies the meaning of the density
perturbation and Kij in the relativistic context. We will return to this in Sec. 2.9.

This reasoning provides the physical justification for our definition of local bias (Sec. 1.3) as encompassing
all terms in the general bias expansion that are constructed (without any further spatial derivatives) out
of the density and tidal field along the fluid trajectory: these are precisely the leading local gravitational
observables for a comoving observer. In conformal-Newtonian gauge, these terms are characterized by
exactly two spatial derivatives acting on each power of the potential �. Note that we do not need to assume
a conserved, passively evolving galaxy sample here. Any gravitational interactions such as mergers [147]
do not, on su�ciently large scales, depend on any property apart from the local density and tidal field. A
galaxy sample that preferentially resides in halos formed from recent major mergers might have a larger
nonlocality scale R⇤ than that of typical halos of the same mass. Nevertheless, it will be a finite scale, and
presumably still of order the Lagrangian radius of these halos as argued above.

In our reasoning we did however implicitly assume that the small-scale initial conditions, i.e. those of
much smaller scale than the large-scale correlations we are interested in, are statistically uncorrelated over
large scales. This is the case for Gaussian initial conditions, which we assume in this section.

Now, let us formalize our reasoning. The dependence on �(xfl(⌧ 0), ⌧ 0) and Kij(xfl(⌧ 0), ⌧ 0) can be written
as multiple time integrals over the fluid trajectory. For example, in the simplest case, for a given operator

34

�g(⌘,x) =

�
d⌘0d3y Fg(⌘, ⌘0, |y|) �(⌘0,x+ y)

<latexit sha1_base64="EhtBUatnHNmILzYPdti7Bk9/w40="></latexit>

with

e.g.: Desjacques, Jeong, Schmidt (2016)

Fg = 0 for |y| & R(Mh)
<latexit sha1_base64="KYqOd5qD2k64Y5hKcU30aNsxOSA="></latexit>
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The derivative expansion

The assumption of locality allows a derivative expansion ~>

�g(⌘,x) =

�
d⌘0d3y Fh(⌘, ⌘0, |y|) �(⌘0,x)

+
1

6

�
d⌘0d3y Fh(⌘, ⌘0, |y|) |y|2r2�(⌘0,x) + . . .

<latexit sha1_base64="E+23Gr6XQ84B1lI35v18+rvKMaU="></latexit>

If the growth rate is scale-independent, we can get rid of NL in time ~>

�g(⌘,k) = b1(⌘)�(⌘,k)� br2�(⌘)k2�(⌘,k) + . . .
<latexit sha1_base64="eQjOudh1e3b8cXj0F/4e3dlS+Cg="></latexit>

where we expect br2n� ⇠ R2n(Mh)
<latexit sha1_base64="k8OG85S2x0x00Rt2e5E9IhiO+M4="></latexit>
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The derivative expansion

The higher-derivative terms can be treated perturbatively if the nonlocality 
scale is short. The shorter the scale, the better!

Radiative-transfer effects ~> during reionization, UV photons can affect 
formation of protogalaxies (e.g., photoionize gas accreting onto halo => 
change relation between halo mass and stellar mass).

�g(⌘,k) �
+1�
n=0

r2n(⌘)(�1)n(�e↵k)2n�(⌘,k)
?�!
+1�
n=0

#n(⌘)fn(k
2�2e↵)�(⌘,k)

<latexit sha1_base64="bmoKBUcvn+efGDvhlyjdIpDXBWA="></latexit>

can we resum these terms?

with                       , so that we can stop at a finite n?#n+1 ⌧ #n
<latexit sha1_base64="YpQkmQTiNi+IvxN0lCrrxkQ9/o0="></latexit>

NL scale ~> m.f.p. of radiation. Can be of order 100 Mpc/h!

e.g.: Efstathiou (1992),  
Barkana, Loeb (1999), 

Schmidt, Beutler (2017)
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Galaxy response to ionizing radiation

Encoded in “Green’s function”       ~>

�g(⌘,x) =

� ⌘

0
d⌘0

�
dn̂Gg(⌘, ⌘0) �I(⌘0,x, n̂)

<latexit sha1_base64="1UK2AoT6uhZM/8Td/w3GB+nCjF8="></latexit>

Gg
<latexit sha1_base64="LvcATCbK2BWx+hiZaUp7rZvOUIg="></latexit>

For simplicity: assume monochromatic radiation and neglect redshift. Also, 
assume homogeneous optical depth for now…

Inhomogeneities in incoming radiation field:                           (assume linearly-
biased density of emitters)

�I ⇠ �em ⇠ �
<latexit sha1_base64="zRU0Os6DmSzJFaDC2VDwd7LMtgA="></latexit>

whether we can resum or not depends on the 
properties of the response
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Resummation - 1

First, assume that all radiation is emitted in short burst �⌘em ⌧ H�1
<latexit sha1_base64="d5aVI6ACACzwhJWiWDZNweCE0HI="></latexit>

Gg(⌘, ⌘0) (arbitrary units)
<latexit sha1_base64="2UjtMWeN9UWI8hIdv1eZ6n6qrlw="></latexit>

⌘
<latexit sha1_base64="Ne6Z5x/DkCIJo0wlT6AYUPM2MEI="></latexit>

⌘0
<latexit sha1_base64="cyeMWd62d09acZmhC8arD743Zo0="></latexit>

If response is instantaneous…

… radiation is absorbed before reaching             and we don’t have to worry!(⌘,x)
<latexit sha1_base64="XzlRLi6wP8u83wHJ0fxIM/vnD0Q="></latexit>

�⌘G ⌧ H�1
<latexit sha1_base64="1u4uQxORaX9Jxifp8uw/L+v3zeY="></latexit>
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Resummation - 2

If response is slow ~> 

Gg(⌘, ⌘0) (arbitrary units)
<latexit sha1_base64="2UjtMWeN9UWI8hIdv1eZ6n6qrlw="></latexit>

⌘
<latexit sha1_base64="Ne6Z5x/DkCIJo0wlT6AYUPM2MEI="></latexit>

⌘0
<latexit sha1_base64="cyeMWd62d09acZmhC8arD743Zo0="></latexit>

=> the coefficients of the resummation are 

�⌘G ⇠ H�1
<latexit sha1_base64="7JDhab4CCO3blHYEm7gw3sg/Ua4="></latexit>

Gg(⌘, ⌘
0) =

+1�
n=0

gnHn(⌘0 � ⌘⇤)n
<latexit sha1_base64="FSDgfvdFBOglvpeQZpCplc58lgc="></latexit>

#n ⇠ gn ⇥ (H�e↵)n
<latexit sha1_base64="dAXaHxvNk2VfHRUxvrnAXuLNfDg="></latexit>
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Effect on galaxy power spectrum
NOT FOR DISTRIBUTION JCAP_045P_1218 v1
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Figure 4. Plot of F (0)
ion for different values of �e↵ (blue curves). It has been multiplied by

an RT bias coefficient (more precisely, by the combination 2bem(⌘⇤)/b1(⌘) of Eq. (3.35)) with
arbitrary value of 0.04 (note that, depending on the parent halo mass and redshift, the RT bias
coefficients could be small) and its limit for k = 0 has been subtracted (since it can always be
reabsorbed in the linear LIMD bias). The green dot-dashed curve shows the relative difference
between the square of the transfer functions for the total matter overdensity (at z = 1) withP

m⌫ = 0.1 eV and m⌫ = 0.

This is the green dot-dashed curve in Fig. 4. The corresponding correction due to RT effects,
at leading order in bem, is given by (see Eq. (3.32))

�Pgg(⌘, k)

Pgg(⌘, k)

=

2bem(⌘⇤)

b1(⌘)

fion(⌘, k2
) , (3.35)

where fion is given by Eq. (3.31) and we recall that bem must indeed be regarded as a small
number since we reabsorbed the leading RT bias coefficient g0 into it. Can this mimic the
effect due to massive neutrinos? First, we see that the amplitude of this scale-dependent
correction at k = 0 is always degenerate with the linear LIMD bias. In other words, b1 is
fixed by the amplitude of Pgg on large scales (obviously neglecting degeneracies with, e.g.,
�8, since they are not relevant for the sake of this discussion). This corresponds to redefining
b1 in Eq. (3.32) as b1(⌘) ! b1(⌘) � bem(⌘⇤)fion(⌘, 0). Correspondingly Eq. (3.35) sees simply
fion(⌘, k2

) replaced by fion(⌘, k2
) � fion(⌘, 0). This is plotted in Fig. 4 at leading order in

H�e↵ (blue curves). From the plot it is clear that these scale-dependent corrections are very
similar in shape to those from massive neutrinos, i.e. RT effects could give rise to a bias in

– 17 –

Plot zeroth order in            for                     ~>H�e↵
<latexit sha1_base64="CMpGuABQOUBmHeZJcbI6a1bePF4="></latexit>

g0 ⇠ 10�2
<latexit sha1_base64="s2hAsMym0oGhIgcc1z8HClkcV1o="></latexit>

Things like energy 
dependence of 
response will 

change 
quantitatively the 

shape

but there is always 
a feature at the 

m.f.p. scale
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Multiple emissions and inhomogeneities in the optical depth

If emission is not fast, even if we stop at zeroth order in              we need an 
infinite number of bias coefficients ~> we cannot resum the RT effects!

NOT FOR DISTRIBUTION JCAP_045P_1218 v1

This is summarized in Tabs. 1, 2. For example, let us consider the case of the galaxy
response varying on cosmological time scales; that is, the observable properties of a given
galaxy sample retain a memory of the ionizing flux received at some earlier time. Then, the
dependence of these functions on the details of galaxy formation can be absorbed in general-
ized RT bias coefficients, without needing a detailed “UV” modeling of galaxy formation, if:
a) one can neglect inhomogeneities in the optical depth; b) the emission of ionizing radiation
only happens for a short period of time �⌘ ⌧ H�1. If these assumptions do not hold, we
cannot predict the dependence on k of these three functions unless we know precisely how
the response of galaxies to the ionizing radiation depends on time. It is important to stress
that this does not happen in the gravity-only bias expansion. There, the time dependence of
the Green’s function can be reabsorbed, order by order in perturbations and spatial deriva-
tives, into the time-dependent bias coefficients. Here we cannot do this because, through the
received flux, the galaxies are sensitive to the inhomogeneities in the distribution of sources
and sinks of ionizing radiation evaluated along their past light cone, and not only along the
past fluid worldline. Consequently, the time dependence of the Green’s function affects also
the scale dependence of the bias.

It is however important to emphasize that it is entirely possible for the response to ionizing
radiation to happen on time scales much faster than a Hubble time. For example, in the case
of line emission from diffuse gas we can imagine that the response to the ambient radiation
field is controlled by the recombination rate, which has nothing to do with Hubble. More
precisely, if we wanted to be completely general, we should have considered a Fourier transform
of the Green’s functions of Section 3.2 with respect to ⌘ � ⌘0. This Fourier transform can
have support for both ! ⇠ H and for ! � H, and in this work we have focused on the

Table 1. This table shows which assumptions are necessary to predict the scale dependence
of the bias from RT effects, assuming no inhomogeneities in the optical depth. �⌘em and �⌘G
are the interval over which "em is non-vanishing and the typical extent in time of the galaxy
response, respectively. By 3 we mean that the higher-derivative terms can be resummed into
well-defined functions of k2�2

e↵ , each multiplied by an RT bias coefficient and an increasing
power of H�e↵ . The case of an instantaneous galaxy response is discussed in Appendix A.4.

�⌧ = 0 �⌘G ⌧ H�1
�⌘G ⇠ H�1

�⌘em ⌧ H�1 3 3

�⌘em ⇠ H�1 3 7

Table 2. Same as Tab. 1, but taking into account the inhomogeneities in the optical depth.
Note that having an inhomogeneous ⌧ is not a problem if the galaxy response is instantaneous:
we refer to Appendix A.4 for more details.

�⌧ 6= 0 �⌘G ⌧ H�1
�⌘G ⇠ H�1

�⌘em ⌧ H�1 3 7

�⌘em ⇠ H�1 3 7

– 26 –
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Inhomogeneities in the optical depth act as “sinks” of radiation, evolving on 
Hubble time scales!

H�e↵
<latexit sha1_base64="CMpGuABQOUBmHeZJcbI6a1bePF4="></latexit>
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Conclusions

• we can treat these effects non-perturbatively if tracer response is fast… 

• … or we can hope that the response is small 

• the response is probably large for diffuse gas emission, e.g. Ly-Ɑ forest 

• if the momentum transfer is small, then tracer velocities are unaffected -> 
the higher-derivative terms in the bias expansion of the velocity are small, 
and RSDs are unaffected

Thanks!


