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Classical Dynamics

numerical 
N particles

Approximate: Shoot Particles

follow initial gravitational potential

v(q, a) = �r'ini
g (q)
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Classical Dynamics

numerical 
N particles

Approximate: Shoot Particles

follow initial gravitational potential

x(q, a) = q � ar'ini
g (q)
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Classical Dynamics

numerical 
N particles

Approximate: Shoot Particles

follow initial gravitational potential

x(q, a) = q � ar'ini
g (q)

<latexit sha1_base64="5iQAFbflglIPiUYiipZiHzBPTmU="></latexit>

v(q, a) = �r'ini
g (q)
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Zel’dovich 
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2LPT

�a2
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r'ini

tidal(q)
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Classical Dynamics

numerical 
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Problem: Overshooting

shell-crossing: singular Euledensity

no comeback after fly-through
large scale impact: Zvonimir Vlah 
LPT @ shell-crossing: Shohei Saga 
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Free Propagation

S0(x, q, a) =
1

2
(x� q) · x� q

a
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classical action: displacement × velocity

background expansion

Classical Dynamics
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Translate Free Propagation

transition amplitude

 0(x, a) = N

Z
d3q exp


i

~S0(x, q, a)

�
 ini
0 (q)
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i~@a 0 = �~2
2
r2 0
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Schrödinger equation

Semiclassical Dynamics
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Semiclassical Dynamics
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Propagation with Interaction

i~@a = �~2
2
r2 + Ve↵(x, a) 
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Semiclassical Dynamics
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4. Finally, in Sec. VI, we provide a perturbative ex-
pansion for the propagator, solve the problem up
to the next-to-leading order (NLO), and determine
the associated fluid variables in the classical limit.

III. THE COSMOLOGICAL FLUID EQUATIONS
AND THE EFFECTIVE POTENTIAL

In this section, we relate the external potential in the
Schrödinger equation (5) to an e↵ective potential within
the cosmological fluid equations. We show that, in the
fluid description, this e↵ective potential is a combination
of the gravitational potential and a term due to the over-
all expansion of the Universe.

On su�ciently large scales and before shell-crossing,
dark matter can be treated as a perfect fluid described
in terms of a single-valued velocity and density. The cor-
responding equations are usually formulated in comoving
coordinates x = r/a, where r is the physical space co-
ordinate and a the cosmic scale factor. For convenience,
we decompose the fluid density ⇢(x; a) into a background
part ⇢̄(a) and a density contrast �, which are related to
each other via � = (⇢� ⇢̄)/⇢̄. Furthermore, we make use
of a peculiar velocity v = dx/da which is related to the
total velocity via U = Hr+Ha2

v, where H is the Hubble
parameter. In the present work, we restrict our analy-
sis to a spatially flat universe solely filled with cold dark
matter, the so-called Einstein–de Sitter (EdS) universe.
A generalisation to a ⇤CDM Universe (and beyond) is
however straightforward.

For the case of a potential velocity v ⌘ �r�v, the
fluid equations in an Eulerian coordinate system consist
of the Bernoulli, continuity and Poisson equation, which
are (see e.g. [13])

@
a

�v � 1

2
|r�v|2 = Ve↵ , (7a)

@
a

� � r · [(1 + �)r�v] = 0 , (7b)

r2'g =
�

a
, (7c)

where 'g is the gravitational potential, and we have de-
fined the e↵ective potential

Ve↵ ⌘ 3

2a
('g � �v) , (8)

which is a combined potential that encapsulates the ef-
fects from the cosmological potential and the Hubble fric-
tion.

Formally linearising the fluid variables around its back-
ground and evaluating the linearised fluid equations at
arbitrary early times a ! 0, it is found that analytic so-
lutions at a = 0 exist only provided one makes use of the
following boundary conditions

�(ini) = 0 , '(ini)
g = �(ini)

v . (9)

These boundary conditions select the growing-mode so-
lutions, and are in accordance with our requirement of a
potential velocity.

Equipped with these boundary conditions, it is
straightforward to investigate the standard perturbation
theory (SPT) for the fluid equations (7). The following
power series Ansätze lead to simple recursion relations
that consistently solve the fluid equations order by or-
der,

�(x; a) =
1X

n=1

�(n)(x) an , �v(x; a) =
1X

n=1

�(n)
v (x) an�1

Ve↵(x; a) =
1X

n=1

V
(n)
e↵ (x) an�2 . (10)

All-order results for the density and velocity potential are
well-known (see e.g. [5]), from which one can easily con-
struct all-order perturbative results for the e↵ective po-

tential. Explicitly, at first order we have simply V
(1)
e↵ = 0,

whereas at second order we find

V
(2)
e↵ =

3

7
r�2

⇣
r2'(ini)

g

⌘2

�
⇣
r

i

r
j

'(ini)
g

⌘2
�

, (11)

with the inverse Laplacian r�2, and implied summation
over dummy indices. For calculational details, including

explicit all-order expressions for V
(n)
e↵ , see App. A. Ob-

serve that V
(2)
e↵ is exactly zero for 1D initial conditions,

in which case '
(ini)
g only depends on one spatial coor-

dinate. In the Lagrangian-coordinates formulation, this
is just the statement that the ZA is exact only in 1D;

see the following section. Beyond 1D, V
(2)
e↵ is generally

nonzero and constitutes the most important tidal correc-
tion to the leading order, and thus should be included for
realistic modelling of the gravitational instability.

Before shell-crossing, one can relate the fluid picture
to the Schrödinger equation, by using the Madelung po-
lar form for the wave function  =

p
1 + � exp(�i�v/~)

in Eq. (5). This way, one reproduces the fluid-type equa-
tions (7), with a Bernoulli equation (7a) that receives a
new term ⇠ ~2 [34, 35]. Solving these fluid-type equa-
tions perturbatively with the Ansätze (10) reveals that
Ve↵ agrees up to second order with the one obtained from
the pure fluid approach, see App. A. Thus, up to second
order in perturbation theory, which is our focus here, the
e↵ective potential can be identically obtained from either
of the two approaches.

Equipped with an expression for the e↵ective poten-
tial appearing in the Schrödinger equation (5), we have
the ingredients to perturbatively compute solutions for
the propagator and hence the wave function. Before pro-
ceeding with the perturbative treatment of the propaga-
tor in Sec. VI, let us provide a motivation based on La-
grangian perturbation theory in Sec. IV and discuss how
our semiclassical formalism can be used to infer classical
observables in Sec. V.

2SPT: tidal

Ve↵ =
3

2a
('g � �v)

<latexit sha1_base64="ekES5Sl8mustKgWsecsUQmqTXeI="></latexit>
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Propagator PT: 2PPT

Semiclassical Dynamics

solve: free propagator x exp

✓
i

~Stid

◆
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Stid ' �a

2

h
V (2)
e↵ (q) + V (2)

e↵ (x)
i
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i~@a = �~2
2
r2 + V (2)

e↵  
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Propagator gone Lagrangian

Classical Observables

phase-space

→ displacement: 2LPT

f̄W [ , ~ ! 0]
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Propagator gone Lagrangian

Classical Observables

phase-space

→ velocity: beyond 2LPT

f̄W [ , ~ ! 0]
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vorticity conserver

+
a2

2
rrV (2)

e↵ ·r'(ini)
g
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v(q) = �r'(ini)
g � arV (2)

e↵
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Vorticity Conservation

Classical Observables

Eulerian 

      pre-shell-crossing

r
x

⇥ v = 0
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Vorticity Conservation

Classical Observables

"ijkxl,j ẋl,k = 0
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2LPT

2PPT
= O(a3)
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Lagrangian: Cauchy invariants



Phased Wave Example

position x
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density 1 + �(x, a) = | |2
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vorticity generation

N � body, ks = kNy/8, a = 1/3,
aini = 1/30 (2LPT)

Zel0dovich, ks = kNy/8, a = 1/3 2LPT, ks = kNy/8, a = 1/3 free, ks = kNy/8, a = 1/3, h̄ = 0.01 NLO, ks = kNy/8, a = 1/3, h̄ = 0.01
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LPT propagator PTsimulation

Zel0dovich, ks = kNy/8, a = 1/3 2LPT, ks = kNy/8, a = 1/3 free, ks = kNy/8, a = 1/3, h̄ = 0.01 NLO, ks = kNy/8, a = 1/3, h̄ = 0.01
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Phased Wave Example



N � body, ks = kNy/8, a = 1/3,
aini = 1/30 (2LPT)

Zel0dovich, ks = kNy/8, a = 1/3 2LPT, ks = kNy/8, a = 1/3 free, ks = kNy/8, a = 1/3, h̄ = 0.01 NLO, ks = kNy/8, a = 1/3, h̄ = 0.01
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simulation
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spurious

Phased Wave Example

LPT propagator PT

vorticity generation



Phased Wave Example
vorticity from topological defects



goal: Zeldovich + tidal + long-term limit

Challenge: nonlinear dynamics

Tool: semiclassical physics 

classical action → free propagator 

  → free Schrödinger equation  

add potential: tidal effects (+long-term?)  

new PT avoids spurious vorticity 

Large-scale structure = cosmic laboratory

Conclusion


