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Introduction



Motivation 1
• Density peaks: formation sites of the structure 
formation in the universe

structures formed 
(strongly nonlinear)Linear evolution

nonlinear evolution



Motivation 2
• Clustering properties of primordial black holes 
(PBH)  

• So far, PBH abundances are much discussed, but 
little is known about clustering properties 

• clustering of peaks ?

Radiation dominated phase: 

Jeans length ~ Horizon radius  
     ~ Schwarzschild radius of  

horizon mass 
 => PBH



Initial clustering of PBH?

Ali-Haimoud,	PRL	121,	081304	(2018)

Ali-Haimoud	(2018),	
Desjacques	and	Riotto	(2018)Chisholm	(2006)	

OR



Simple model of 
peak clustering



A simple model of peak clustering

• Thresholded regions are proxy for peaks
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Limiting cases
• large-separation limit 

• & 

• (enhancement of correlation function) 

•

1 + ⇠pk(r) ⇡ ew(r)⌫2

, w(r) ⌧ ⌫�1 ⌧ 1

Politzer	and	Wise,	ApJL	285,	L1	(1984)
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Enhancement of correlation function

Borgani	and	Guzzo,	Nature	409,	39	(2001)



Higher-order theory 
of peak clustering



Peak theory

• Thresholded regions ≠ Peaks 

•

BBKS:	
Bardeen,	Bond,	Kaiser	and	Szalay,	

ApJ	304,	15	(1986)
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Peak clustering
• Exact evaluation of the peak clustering is 
difficult 
• BBKS derived approximate peak clustering in a 
large-separation limit (w/o exclusion effect etc.) 

• Correlation function of peaks: 

• ⇨ difficult !! 

• Naively 20-dimensional integrations !!
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Peak clustering
• iPT formalism of bias

Matsubara	ApJS	101,	1	(1995)	
Matsubara	PRD	83,	083518	(2011)	

Lazeyras	et	al.	PRD	93,	063007	(2016)



Peak clustering
• Reducing multi-dimensional 
integrals 

• Rayleigh expansion & analytic 
angular integrations → combination 
of 1D FFT 
• Schmittfull & Blah 2016, 
Schmittfull+ 2016 

• Using Mathematica is critical 

• 2nd order result agrees with a 
direct calculation by Desjacques et 
al. (2010)



Peak clustering: Large-scale structure 
(Preliminary)

• Correlation function of peaks (CDM+baryons 
spectrum)

⌫ = 2.5 peaks



Peak clustering: Large-scale structure 
(Preliminary)

• Power spectrum of peaks (CDM+baryons 
spectrum) 

⌫ = 2.5 peaks

Expansion series 
are additive



Peak exclusion effect?
negative correlation 

~ below 3 x smoothing scale

Baldauf	et	al.	
MNRAS(2015)	

1D	MC



Summary
• Higher-order perturbation theory of peak 
clustering 

• With iPT formalism, higher-order terms are 
systematically derived 

• We need only 1D FFT to evaluate higher-
order terms (while the number of terms are 
huge for higher orders, use of Mathematica 
helps)


