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|- CONSISTENCY RELATIONS

Go beyond PT and phenomenological models by deriving exact results without explicitly
solving the dynamics.
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- Consistency relations: use symmetries of the system

- lose details of the dynamics
More general ==l - also applies to biased tracers
- remains valid whatever baryonic effects

test of general physical principles.

=)

constrain models.



Kinematic consistency relations

Kehagias & Riotto (2013), Kehagias et al(2013), Peloso & Pietroni (2013a,b),
Creminelli et al. (2013a,b,c), PV.(2013), PV, Taruya and Nishimichi (2017)



A) Correlation and response functions 1311.1236

A general property for systems parameterized by a Gaussian field:

1) a Gaussian field:  ¢(z) 2) nonlinear functionals:  P1, P2, Pn

We consider the mixed correlation:

Co" = (p(x1) ... p(x0) p1 ... pn) = /DSO e 12 Co % o(zy). .. p(xe) pr- .- pn

integrations by parts Ch" = Co(x1,2}) ... Colze, zh) - RO™ (2}, .., x))

_ Dg[pl - °/0n]
Dy(x1)..Dp(x)

Response function: RY™(x1, .., zy)



In the cosmological case, we consider the density field:

~ ~ = N e ) N
(Bro(K))..000(K)) d(ky,t1)..0(Kn, t)) = Pro(k})..Pro(k)) <§g [5§kll;f;);5§kn(, t;;),]) >
LO\™®1)--ZOLOL™ Ry

On large scales, or at early times, we recover the linear regime

k< ki : (61006,).010(k)) d(k1,11)..8(Kn, tn)) — (SO, ))..0 (k) t)) 8k, 1)..0 (K, 1))

We obtain the squeezed density correlation if we can evaluate the response function

mlp “CONSISTENCY RELATIONS”



B) Derivation of the kinematic consistency relations

A consequence of a symmetry of the system associated with the equivalence principle:

all particles/structures fall in the same fashion in a gravitational potential.

From a solution {6(x,t),v(x,t),P(x,t)}
we can build a new solution that corresponds to a uniform time-dependent translation,

x'=x-—n(r), vV=v-n(r), /=6 & =0+ 0+ Hn) x

We can absorb in this fashion, through a change of variable, the impact of a large-scale
gravitational potential, which has a constant gradient at lowest order.

3 !

K 0 5(x.t) = 6(x + Ax,t)  with  Ax = D, (1) / I Abo(K) 1y
S(K) — §(k)e oo RL® = (Glkrt) 5kt S KK B
k'—0 — 1y 1)“ ( ) n)> L/2 +(t1)

=



From the response function, we obtain the consistency relations:

- 5 5 N 5 5 12 n kz K
(B0, ). 505, ) Bl0er, 12).-8 (s t0) Voo = Pr (K 80)..oPr (K, 1) (5 (b, 11).-6 (0, 1)) < [ <_ b

Lowest-order case, bispectrum,

lim B(k',t';ky,t1; ko, t2) = —Pr(K',t")P(ky;t1,t2)

ki -k Di(t1) ko K Di(ts)
k’—0

L2 D+ (t/) + k'2 D+ (t/)

These relations vanish at equal times, because they merely express how small scales
are uniformly transported by large-scale modes



These exact relations can be generalized to multi-fluid cases.

They remain valid for baryons, galaxies, ..., independently of small-scale physics.

These consistency relations rely on the following conditions:

- Gaussian initial conditions
- equivalence principle
- separation of scales

Exact results == test of Gaussianity, of General Relativity, constraints on models

Null test: 0 =0 at equal times, if Gaussian initial conditions and GR.



C) Non-Gaussian initial conditions

If the initial density field is a nonlinear function of a Gaussian field:

n

6r0(Kk) :%O(k)+i/ﬁdki5D< Zk> ><fNLO ki, ....k,) HZO(ki)’

=1

or its PDF is non-Gaussian:

P(610) = e~ oo )0 K20, [1 +Z/Hdki X Op (Zkz) Sn(Kis.ons kn)H5LO(ki)]
i=1 i=1 :
the consistency relations take a more complicated form:
m k/ 00 n—1
(o) [ [ 8(k;. 7))y = =Py, (K) <H5 > ZD +P, (K)) n / JJES
j=1 = '
n—1 n—1 m /
X5D (k/—ZkZ)S ( k/ kll, ,k; 1)<H5L0(k;)H5(k]’T])> .
i=1 '

/ i=1 =1

new terms that do not vanish at equal times




Angular-averaged consistency relations

PV. (2013), Kehagias et al.(2013),T. Nishimichi & PV. (2014,2015)



A) Approximate symmetry 1311.4286

To go beyond the leading-order relations, or to obtain new relations, we must find
additional symmetries.

: : : dln D
If we make the change of variables n=InD;, v=afu, ®=(af)’¢ where ;= drlln a+
the equations of motion read as
L) B ou 30, B 2 3
gy TV (L0 =0, 8—n+(2f2—1)u+(u-v)u——v% Vie=5m 0

Within the approximation () /f? ~ 1 all explicit dependence on cosmology disappears.

sl  Approximate symmetry

This remains true beyond shell crossing. The equation of motion of the particle trajectories reads as:

0?%x 30, ox
ot (af 1) 3y =



B) Angular averaging

To get rid of the leading-order kinematic effect, associated with the uniform motion of small-scale
structures, we integrate over the angles of the soft modes.

D[6(k,t1)..0(kn, tn)]
Ddro(—k')

Chy = [ a7 (1) (100301, 1) 30k t)) = [ AT Pro(i) >

This means that we need to compute the impact of a large-scale spherical overdensity
onto small-scale fluctuations.

This corresponds to a change of the background matter density: change of the
cosmological parameter

=3 | Ne approximate symmetry Qum/f? =~ 1 allows us to describe the effect of
a change of cosmological background

0o (k, 1) = 8[(1 — €)k, Dy, ] + 36 p (k)

~

9d(k, t) B 13 99 5D
Oeg = D+(?) 7 0lnD, _k.@

EOZO




This eventually leads to the angular-averaged consistency relations:

~

13 0 1 0 (k1))

21 31nD+_§ — alﬂk‘,,}] <5(k17t)

A~ - -
/ 47rk (0(k",1)d(k1,t)..0(kn, ) o = Pr(k', ) |1+

These relations no longer vanish at equal times.

The lowest-order relation, for the bispectrum, reads as:

Ay Kk’ k' 13 0 1 0
Blkk— —. —-k— —:t — Py (K t)|1 S P(k.t
/ A7 ( ’ 2’ 2’ )k,ﬁo LK) +2181nD+ 30Ink ot



. 1402.3293
Numerical check:

ratio of the nonlinear bispectrum to the consistency relation result, given by a product
of one linear power spectrum and one nonlinear power spectrum.

this approximate consistency

LHS / RHS

lowest-order > relation significantly improves
consistency PT result over lowest-order PT result,
relation = | (out of the plot and goes up to k~| h/Mpc
,  otherwise)
'l

1.2F T T T T T 0 o e B O B L B B L e
iE . £ hlgh resolutlon % ; . - low resolution ~ .ee® - highresolution @ :

! %”AAAA 1 o f :
0.9F 0.9F
0.8, N k O4hMpC 0.8,

1.2f o 12F

L1f L1f
0.9 T _ I L 0.9f
0-85:"""' k OZhMpC ::::':::':IT:_'O:.:6:h'1\:/I:p?': 50-85:

1.2F ¥ — 1.2}

L1f ZRRL;

e 5o
09¢ k=03 hMpc'F k = 0.8 h Mpc" :
(1):§;=I:I=:=I:HIH:I=:=I;==I=HI=HI=HI=HIE ?:g;:-:l:::l | |:;:::|:::{ | |:
L1E k3 - 11 - “}—f

1Wf  — e e It i ol
0.9 AAAAAAAMAE_ 3 L oo E 0.9F R SVONNE . [$ YIS
P k=04hMpc'f  k=10hMpc" P k= 04hMpéAg - ® K=120hMpc"
0.80 002 004 006 0.08 010 002 0.04 0.06 0.08 01 0'80 002 004 006 0.08 010 002 0.04 0.06 0.08 0.1

k' [h Mpc™'] k' [h Mpc™']



C) Redshift space

In redshift space the relations are more intricate:

K =0

dQy / &'(K) ~, - e f,13 0 13 fO kO "k, O] = <
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Bispectrum monopole:

Vdu (4O By o[ F B0 (13 NSO L0 p 0 2 O Ly 2,
/_12/47r1+f,u’2_PL<k) 1+3+2181nD++ 7+f 30f 30k Po(k) 15P2(k)_§alnk §P0(k)+BP2(k)
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Density-velocity consistency relations

L. Rizzo, D. Mota and P.V. (2016,2017)



A) Non-zero equal-time relation

Let us go back to the exact kinematic consistency relations.

For a long-wavelength perturbation, we had the transformation:

x(q,7) = X(q,7) = x(q,7) + D (1) AV 4(q),

This gave us for the density contrast:

~

5(k,7) - 6(k,7) = 6(k,7)e DAV

5(k,7) —iD, (k - AU, )6(Kk, 1),

This also gives for the velocity field:

dD
V(k,7) —iD, (k- AU, )V(k,7) + d; AV, 45p (k).

/ N\

: : change of the velocity amplitude
uniform translation

N\

this effect will not disappear in equal-time statistics !

V(k,7) > v(k,7)

This Dirac term at k=0 will be relevant in composite operators:

p=(1+8)v. pk) = (k) + / 4k, dk,5p (K, + ks — K)3(K, )¥(Ky).
. Dp (k) k- -k dD, k' i
This leads to: K —0: — — D k on(k o(k



Nonzero consistency relation at equal times:

- no n—+m , dlIlD+ n—+m B B n—+m ~ /
(s[5 T pp), ==imuer 52 5 (1130 [T o) (Aot + 30601 ) T pik) )
j=l1 j=n+1 k'—=0 i=n+1 \j=1 j=n+1 j=i+1
. - k'dinD ,
For the bispectrum: (6(k")6(k)p(—Kk))p_o = —1 Y2 dp =P, (K)P(k),
Again, it also applies to biased tracers, independently of baryonic physics etc.....
- . ~ kK'dinD
<5(k,)59(k)pg(_k)>;(l—>() — —1 k/2 dT = PL(k/)P5g5g (k)’
We also obtain for the divergence of the momentum field:
2=V [(1+6)y], k) =ik-p(k).
~ ~ k-kK'dinD
(B3, (k) (K)o = = o Po(K) Py (K)



B) Link with observable quantities

1) ISW

Secondary CMB anisotropy due to the Integrated Sachs-Wolfe effect:

oY
Aisw(0) = 2 f dn e—r(n) [” ré; nl,

This can be expressed in terms of the density field and its time derivative through
the Poisson equation:

OF _ 4mGND0 3 1 45, with: 1=V [(1+6p] = -2
on  ka on
2) kSZ

Secondary CMB anisotropy due to the kinematic SZ effect:

Avs(6) = — f i g = f dn Lz ()n(6) - p.,

with:  Isz(n) = —oriicae™, Nele = Ne(1 + 0e)Ve = e P,



C) ISW consistency relations for 3-pt correlations

1) Galaxy-galaxy-ISW correlation

£3(0g5 6,5 Afswy,) = (04(0) 6, (01) Ay, (62)).

>0, 00, [6-0]>0 -0, — > k<k, k<kj,
0-0,) (0 —0 dinD [ ) ) )

g =020 G -0), . f dn bl I, Lisw, f ke, dky . Wo k. 1) We, (ki) We, (y17)
10 — 60,]16;, — 0] 0

X Prlky, mPg m(ki,m)Ji(ki 7|0 = 02]) Ji(kir6 — 62)),

- This is an explicit expression of the form:  (§,0,A1sw) = (040) 1, (940)

- Specific angular dependence (can be understood from symmetry).



2) Lensing-lensing-ISW correlation

Three-point correlation with the lensing convergence:

£, K, Ngw,) = ((0) € (8)) Algyy, (62)),

O@—-6,)-(6,—-6,) 4f dinD
= 200t | dn 11, Lisw,
&3 96,10, — 0, (2r) ] ISW

f dk dky, W@(kLV)W(Dl (kui’)W@z (ki.1)
0

X Pr(ky,m)P(ki,m)J1(k r|0 — 6:]) Ji (ki 1|60 — 62]).
- This is an explicit expression of the form: <l<:/<;AISW> — P P

- Specific angular dependence



C) kSZ consistency relations for 3-pt correlations

1) Galaxy-galaxy-kSZ correlation

£5(55,6%,, Algy.) = (53(6) 55, (1) ALy (62)),

d dD [ - ~ ~
62” = —(271')4 fdf] d_n [nggD] Igl IkSZz d_?7 f ko_dle W@(kJ_F)W@l (li_r)W@z (kl_]_r)
0

k
X %PL()(kL)Pgl,e(ku, ) Jo(k.r|0 — 02]) Jo(k1 L1101 — 62)),
1

This is an explicit expression of the form: <5g5gAkSZ> = <5g5>L <595€>

Not as convenient as the ISWV correlations, because of the mixed galaxy-free electrons
power spectrum.



- LYMAN-ALPHA POWER SPECTRUM AS A PROBE

OF MODIFIED GRAVITY

Ph. Brax, P. Valageas

JCAP 01 (2019) 049
arXiv:1810.0666 |



A. LYMAN-ALPHA FOREST PHYSICS

J. Cohn webpage
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M.White

Spectrum of the light received
from a distant quasar
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Probe of the IGM
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B- MODIFIED-GRAVITY THEORIES

|) 5th force

Scalar-tensor theories: add a new scalar field ¢
5th force = typically amplifies gravity and the growth of perturbations.

On small scales, quasi-static approximation, linear regime:

. <, 30 %
5" + H ' —ij{z,u,(k, a)é =0,

coupling strength

w(k,a) =1+ ek, a) elk,a) =

mass (l/range)
of the scalar field



2) f(R) theories

1

= Ve = R— 2\ — fp 2
St = 1aage | 4TI 1) f(R) = R o,
fr, = —107% —107° and —107F.
Stl."on.g Ier.\smg, dynamics in dwarfs, equiv. fro| < 106
principle in solar system: ~
Background=LCDM, perturbations slightly amplified.
_ Hy [0 + 40, 1
B=1/v8 " A Gt Dl P
fp, =107, z=3
Relative deviation of the linear 01
growth-rate from LCDM: <
0.01
Oln D
f(k,a) = ——=(k,a).
0001 bl
0.1 1 10

k [h Mpc™ ]



3) K-mouflage model

/d‘*x\ﬁ[M”RjLL )] +/d4x =GL (W Gy)

coupling of matter to the scalar field: G = Az((ﬂ)gﬂu Alp) =1+ A’%—(p + ...,
P1
nonlinear kinetic function (screening): L,(p) = M*K(y) with 7= —2/\1/14 VoV .
linear (unscreened) regime: X¥—= 0 K(p)=-1+y+..,
no potential == zero mass == long range, scale-independent
Both the background and the perturbations are slightly perturbed.
CMB, Solar System: 5 < 0.1
P=0.1, z=3
0.1}
Relative deviation of the linear _
growth-rate from LCDM: ® el
(911’1 D_|_
f(kja) Olna (k"a). 0.001 ‘ ‘ ‘
0.1 1 10

k[hMpc]



C- IGM power spectrum

Use a truncated Zeldovich approximation:  Piani(k) = Prrunc (k) e~ #/F)*

PZtrunc — Imax PZ [PLtrunc] with PLtrunc(k) — PL(k)/(l + kQ/thrunc)Q

trunc

10 | 7 e
Ltrunc —=—
Ztrunc —=—
1 | Ltrunc
Ztrunc

A2 (K)
A2 (K)

0.1 ¢

0.1

k [h Mpc’]

Recovers the large-scale cosmic web, associated with moderate density fluctuations.
Highly nonlinear virialized halos do not contribute to the Lyman-alpha forest.



Modified-gravity:

Relative deviation of the
matter power spectrum

Relative deviation of the
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D- Lyman-alpha power spectrum

|) 3D power spectrum

Ps,.(k,2) = b2 (1 + Bu®)? Piam(k)/ (1 + flkpl/kny) e~ Er/ka)”,

free thermal
parameter Kaiser effect L . broadening
velocity dispersion
. aH kBT
in collapsed structures kin = —, bip=4/—,
n UH btn 2my,
S=X-+ —e
aH Z9

- We noticed that if we use the nonlinear matter power spectrum instead of P_IGM
we get a steep growth for the Lyman-alpha power spectrum at high k.

-We take [ =1.3f (simulations)

ov
bs il
In principle, we could define (Seljak 2012): [ = 22 n=— Oz
b5F,5 aH
ol ol Ya
- — b P —

However, analytical models do not work very well,
especially because of the velocity part (Cieplak & Slosar 2016).



3D Lyman-alpha power spectrum:

Kaiser effect velocity dispersion
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Modified-gravity:

fr =1 0°, z=3 By=0.1, z=3
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=== reasonable agreement with simulations for f(R)

== significant effect for K-mouflage



Degeneracies with physical parameters

Effects of a 10% increase of the IGM temperature or of the bias ratio

z=3
0.12
0.1}
0.08 |
O 0, - -
. 0.06 | B+10/o _________________

&7 PR

o 004 }-- ~

2 o02f L IR

-3 0 -

o Y _ T+10%
00 T T T T T T T = -
0.04 | "~
-0.06 ‘ ‘ ‘
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These effects are modest and show a different scale dependence
than the modified-gravity effects.

=== it should be possible to break degeneracies.



E- FLUX PROBABILITY DISTRIBUTION

Transmitted flux

Probability distribution function
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Figure 12. The flux PDF measured by K07 at (z) = 2.94 (dark-grey curve)
plotted with error bars compared to the PDF measured from the two spectrain
our sample, Q0055—269 and PKS 2126—158, used in the KO7 measurement
(open squares and long dashed curve). This comparison uses pixels in the
same wavelength range as adopted by KO07.
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Equilibrium between photo-ionisation and recombination:
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Figure 3. The temperature—density relation for 4 different sud-
den-reionization models: sudden reionization (see equation 6) at
z=5 (a),z=7 (b), z=10 (c¢) and z=10 (d). For each reionization

Hui & Gnedin (1997)



Fluctuating Gunn-Peterson approximation:
Tox pPT7 %" ox (140)* with a=2-0.7(y —1), T ~10*K, v~ 1.3

F = 6—7’ _ G_A(1+5)a.

Factor A related to the photo-ionizing flux. In practice, it is set by the matching
with data of the mean flux: (F')

: SkpT
Smoothing scale: ke =2.2k; with ky = —+/470np, c5 = ] o
Cs [y,

Jeans scale was
smaller in the past

Gnedin & Hui (1998)

Jeans wave number

PDF of the flux in terms of the PDF of the matter density: P(F) =P(s)

R NN %)V o~ (—9)° (0F)e
P(‘SS):/ TrigaC PN with es(y) = = ) oy L .
s n=2 Os (explained in previous talks by

C. Uhlemann / F. Bernardeau)

—100



LCDM:

mildly nonlinear scale:

rs ~ 250Kkpc
52

7~ 1.7

£ ~2.7

Modified-gravity:

Amplify the growth of density perturbations

density contrast
LCDM, z=3

linear (Gaussian) lognormal
*. » A
. fg=10hz3
02 T \‘Q‘ T T 'l'
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relative deviation | ,
& . = &
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density contrast w . \ ©
04 ] \ Lo f 04 |
. n ----
N
TR —
0.2 ‘ ‘ ! P -0.2
4 O0ON\1 2 3 4 35 6 7 8 :
d

(spherical collapse)
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Flux
LCDM, z=3

0.2

BK=01 y Z=3

0.4

0.6 0.8

the variance and the tails are greater




K-mouflage is closer to LCDM than f(R), because it does not generate a new scale dependence
(in the unscreened regime).

Perturbative bias and skewness:

0s = (1 + v20L1)0Ls small-scale perturbations are enhanced by large-scale modes
EdS: 1o = 34/21

S3 = 3vy +dIno?/dInw skewness of spherical cells
model LCDM | fr, = —10"* | fr, = —107° | fr, = —107% | Bx = 0.1
va(ks, LhMpc™) | 1.62 1.65 1.65 1.64 1.62
vo(ks, ks) 1.62 1.62 1.63 1.63 1.62

scale dependence for f(R)



The tails are again enhanced for the PDF of the Lyman-alpha flux.

0.15 0.15
0.1 0.1 |
0.05 [ x ¥ 0.05 [,
relative deviation & 0 & OF
for PDF of the s 0051 g 0051
flux 01 | 01 |
0.15 | 015 |
02t 0.2
0.25 ‘ ‘ ‘ ‘ 0.25
0 0.2 0.4 0.6 0.8 1
F
fr, = —10714

lo obs. errorbar

== The model is not very good for f(R) and shows larger uncertainties than for K-mouflage.

== But this is not a competitive probe.



V. CONCLUSION

- The deviations from LCDM of the Lyman-alpha statistics strongly
depend on the details of the modified-gravity model.
In particular, on whether it leads to a new scale dependence.

- For models with new scale dependence, the PDF of the flux is
difficult to predict accurately. This is probably related to the fact
that Lyman-alpha clouds are already in the mildly nonlinear regime
and to redshift-space distortions.

- However, the PDF of the flux is unlikely to be a competitive probe.

- The power spectrum of the Lyman-alpha flux is easier to model.
Its behavior also depends on the properties of the modified-gravity model.

- Whereas it is not competitive for f(R) models, it could be a useful probe
for models such as K-mouflage.



