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I. Consistency relations

II. Lyman-alpha power spectrum



I- CONSISTENCY RELATIONS

Go beyond PT and phenomenological models by deriving exact results without explicitly 
solving the dynamics.

- BBGKY: use the explicit equation of motion

- Consistency relations: use symmetries of the system
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More general
- lose details of the dynamics 
- also applies to biased tracers
- remains valid whatever baryonic effects

test of general physical principles.

constrain models.
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Kinematic consistency relations

Kehagias & Riotto (2013), Kehagias et al(2013), Peloso & Pietroni (2013a,b), 
Creminelli et al. (2013a,b,c), P.V. (2013),  P.V., Taruya and Nishimichi (2017)



A general property for systems parameterized by a Gaussian field:

1) a Gaussian field: 2) nonlinear functionals:'(x) ⇢1, ⇢2, ..., ⇢n

We consider the mixed correlation:
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In the cosmological case, we consider the density field:
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On large scales, or at early times, we recover the linear regime
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We obtain the squeezed density correlation if we can evaluate the response function

“CONSISTENCY RELATIONS”

k0i ⌧ kL :



A consequence of a symmetry of the system associated with the equivalence principle:

From a solution {�(x, t),v(x, t),�(x, t)}

we can build a new solution that corresponds to a uniform time-dependent translation,

x

0 = x� n(⌧), v

0 = v � ṅ(⌧), �0 = �, �0 = �+ (n̈+Hṅ) · x0

We can absorb in this fashion, through a change of variable, the impact of a large-scale 
gravitational potential, which has a constant gradient at lowest order.

all particles/structures fall in the same fashion in a gravitational potential.

B) Derivation of the kinematic consistency relations
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These relations vanish at equal times, because they merely express how small scales 
are uniformly transported by large-scale modes

From the response function, we obtain the consistency relations:



These consistency relations rely on the following conditions:

-  Gaussian initial conditions
-  equivalence principle
-  separation of scales

Exact results test of Gaussianity, of General Relativity, constraints on models

These exact relations can be generalized to multi-fluid cases.

They remain valid for baryons, galaxies, ..., independently of small-scale physics.

Null test:   0 = 0  at equal times, if Gaussian initial conditions and GR.



C) Non-Gaussian initial conditions

As described in [9], in the limit of long-wavelength
modes the small-scale structures are transported by large-
scale perturbations in a uniform fashion. This means that in
the limit k0 → 0 for the support of a long-wavelength
perturbation ΔδL0ðk0Þ, the trajectories of the particles are
simply modified as

xðq; τÞ → xðq; τÞ þDþðτÞΔΨL0ðqÞ; ð48Þ

where q is the Lagrangian coordinate of the particles and
ΔΨL0ðqÞ, which is uniform at leading order for k0 → 0, is
the linear displacement field associated with the linear
perturbation ΔδL0,

ΔΨL0ðqÞ≡ −∇−1
q · ΔδL0: ð49Þ

The uniform shift (48) implies that the density field is
modified as

δðx; τÞ → δðx −DþΔΨL0; τÞ; ð50Þ

which reads in Fourier space (at linear order over ΔΨL0Þ as

δðk; τÞ → δðk; τÞ − iDþðk · ΔΨL0Þδðk; τÞ: ð51Þ

Then, one obtains
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The results (52)–(53) follow from the weak equivalence
principle, that is, from the symmetries of the gravitational
dynamics, and are independent of the properties of the
density field. Therefore, they remain valid for non-
Gaussian initial conditions, and Eq. (47) becomes, in the
squeezed limit, k0 → 0,
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If the initial conditions obey the squeezed Gaussianity condition (42) the relationship (54) simplifies and takes the same
form as in the Gaussian case,

!
δL0ðk0Þ

Ym

j¼1

δðkj; τjÞ
"0

k0→0

¼ −PL0
ðk0Þ

!Ym

j¼1

δðkj; τjÞ
"0 Xm

j¼1

DþðτjÞ
kj · k0

k02
: ð55Þ

Using the fact that on large scales δðk0; τ0Þ → Dþðτ0ÞδL0ðk0Þ, Eq. (55) also yields
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Thus, we can see that if the initial conditions show
significant non-Gaussianities on large scales and the
coefficients (42) do not vanish in the squeezed limit, the
consistency relation becomes much more complex than
Eq. (56). The (mþ 1)-squeezed density correlation can no
longer be expressed in terms of the m-point small-scale
density correlation, as there are additional contributions
from all-order mixed correlations (if all coefficients Sn are
nonzero). In particular, while the right-hand side in Eq. (56)
vanishes at equal times as in the Gaussian case, which
means that one must consider subleading contributions, the
new terms in Eq. (54) do not vanish.

B. Biased tracers

The consistency relations of the form (56) in the
Gaussian case also apply to biased tracers [3–9]. Indeed,
as recalled in Sec. IVA, these consistency relations follow
from the weak equivalence principle, which states that all
matter particles and macroscopic objects fall at the same
rate in a gravitational potential. This means that under the
almost uniform force ∇−1 · ΔδL0, associated with the large-
scale perturbation ΔδL0, all particles and macroscopic
objects experience the uniform shift (48). Small-scale
astrophysical processes, such as galaxy and star formation,
are not modified by this uniform displacement so that all
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The primordial non-Gaussianity is now severely con-
strained through the measurement of cosmic microwave
background anisotropies [17,18], but the outcome of these
tight constraints relies on several model-dependent assump-
tions. This is one of the reasons why the large-scale structure
observations still attract attention as an independent and
complementary probe of primordial non-Gaussianity. A
particularly remarkable feature that has been recently recog-
nized is a strong enhancement of the halo and galaxy
clustering bias on large scales in the presence of the so-
called local-type non-Gaussianity (e.g., [19–21]). This
enhancement indeed arises from a tight coupling between
the large- and small-scale modes through the squeezed limit
of higher-order matter correlations (e.g., [22]), which is
exactly the casewe are looking at in the consistency relations.
It is thus interesting to see how the structure of the correlation
hierarchy is genericallymodifiedwhen the initial fluctuations
are not Gaussian.
Hereafter, we consider non-Gaussian primordial matter

fluctuations described by their Taylor expansion over a
Gaussian field, or by a probability distribution that can be
expanded around the Gaussian. We derive rather generic
expressions for the higher-order correlations of matter fluc-
tuations that remain valid in the nonlinear regime. We also
consider biased tracers. Our results show that in the non-
Gaussian case the consistency relations are largely modified
by additional contributions involving all-order mixed linear-
nonlinear correlations.Basedon this,wediscuss the necessary
conditions to recover the usual consistency relations that hold
for Gaussian initial conditions, and see how these conditions
are satisfied or violated in specific non-Gaussian models.
This paper is organized as follows. In Sec. II, we begin

by describing non-Gaussian primordial density fields as
Taylor expansions of an auxiliary Gaussian field. Next, we
consider the more general case where the primordial
density field is merely defined by its non-Gaussian prob-
ability distribution, which we assume can be expanded
around the Gaussian. We also recall several popular non-
Gaussian models that provide useful examples. Section III
considers the basis to derive the consistency relations [9],
and derives the relation between the response functions of
cosmic density fields, with respect to the linear density
field, and higher-order correlation functions. Section IV
then presents our main results, which describe how the
consistency relations of density fields are generically
modified in the presence of primordial non-Gaussianity.
Specific results for several non-Gaussian models are also
given. Further, Sec. V discusses the consistency relations
for velocity and momentum fields. Finally, Sec. VI is
devoted to the conclusion and summary of the results.

II. MODELS OF PRIMORDIAL
NON-GAUSSIANITIES

In this section, as a starting point to derive the correlation
hierarchy in the presence of primordial non-Gaussianity,

we give a general framework to deal with non-Gaussian
matter fluctuations at linear order. In Sec. II A, we present a
description of non-Gaussian primordial density fields
through their Taylor expansion over auxiliary Gaussian
fields. In Sec. II B, this is generalized to the probability
distribution functional for non-Gaussian primordial fluc-
tuations, which is later used to derive the consistency
relations for matter fluctuations. As a simple and illustrative
example, in Sec. II C, we consider the non-Gaussian model
in which the Taylor expansion is truncated at second order.
Specific models to realize such a non-Gaussianity are
described in Sec. II D, and we briefly discuss their distinct
features in the squeezed limit.

A. Primordial density field as a nonlinear
functional of a Gaussian field

Simple models of primordial non-Gaussianities can be
built where the primordial (i.e., linear) density contrast
δLðx; τÞ can be written as a nonlinear functional of a
Gaussian field χðx; τÞ. Linearizing over the non-
Gaussianity parameters fðnÞNL, as we do throughout this study,
we write in Fourier space

δL0ðkÞ ¼ χ0ðkÞ þ
X∞

n¼2

Z Yn

i¼1

dkiδD

!
k −

Xn

i¼1

ki

"

× fðnÞNL 0ðk1;…;knÞ
Yn

i¼1

χ0ðkiÞ; ð1Þ

where the subscript “0” denotes that we normalize the fields
today at z ¼ 0 and we can take the kernels fðnÞNL to be
symmetric. Throughout this paper we assume statistical
homogeneity, hence the Dirac factors in Eq. (1), and
isotropy, which yields the constraint

fðnÞNLðk1;…;knÞ ¼ fðnÞNLð−k1;…;−knÞ: ð2Þ

For the sake of generality we keep track of all orders n ≥ 2
in the nonlinear functional δL½χ&, but in practice one often
only includes the quadratic or cubic terms, which are then
denoted as fN ¼ fð2ÞNL and gNL ¼ fð3ÞNL. The fields δL, χ, and

the kernels fðnÞNL evolve with redshift as

δL ¼ DþδL0; χ ¼ Dþχ0; fðnÞNL ¼ D1−n
þ fðnÞNL0; ð3Þ

where DþðτÞ is the linear growing mode. The kernels fðnÞNL
must satisfy the constraint

n≥ 2∶ fðnÞNLðk1;…;knÞ¼ 0 for k1þ'''þkn¼ 0; ð4Þ

so that δLð0Þ ¼ 0. At linear order over fðnÞNL, this yields the
primordial power spectrum
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The primordial non-Gaussianity is now severely con-
strained through the measurement of cosmic microwave
background anisotropies [17,18], but the outcome of these
tight constraints relies on several model-dependent assump-
tions. This is one of the reasons why the large-scale structure
observations still attract attention as an independent and
complementary probe of primordial non-Gaussianity. A
particularly remarkable feature that has been recently recog-
nized is a strong enhancement of the halo and galaxy
clustering bias on large scales in the presence of the so-
called local-type non-Gaussianity (e.g., [19–21]). This
enhancement indeed arises from a tight coupling between
the large- and small-scale modes through the squeezed limit
of higher-order matter correlations (e.g., [22]), which is
exactly the casewe are looking at in the consistency relations.
It is thus interesting to see how the structure of the correlation
hierarchy is genericallymodifiedwhen the initial fluctuations
are not Gaussian.
Hereafter, we consider non-Gaussian primordial matter

fluctuations described by their Taylor expansion over a
Gaussian field, or by a probability distribution that can be
expanded around the Gaussian. We derive rather generic
expressions for the higher-order correlations of matter fluc-
tuations that remain valid in the nonlinear regime. We also
consider biased tracers. Our results show that in the non-
Gaussian case the consistency relations are largely modified
by additional contributions involving all-order mixed linear-
nonlinear correlations.Basedon this,wediscuss the necessary
conditions to recover the usual consistency relations that hold
for Gaussian initial conditions, and see how these conditions
are satisfied or violated in specific non-Gaussian models.
This paper is organized as follows. In Sec. II, we begin

by describing non-Gaussian primordial density fields as
Taylor expansions of an auxiliary Gaussian field. Next, we
consider the more general case where the primordial
density field is merely defined by its non-Gaussian prob-
ability distribution, which we assume can be expanded
around the Gaussian. We also recall several popular non-
Gaussian models that provide useful examples. Section III
considers the basis to derive the consistency relations [9],
and derives the relation between the response functions of
cosmic density fields, with respect to the linear density
field, and higher-order correlation functions. Section IV
then presents our main results, which describe how the
consistency relations of density fields are generically
modified in the presence of primordial non-Gaussianity.
Specific results for several non-Gaussian models are also
given. Further, Sec. V discusses the consistency relations
for velocity and momentum fields. Finally, Sec. VI is
devoted to the conclusion and summary of the results.

II. MODELS OF PRIMORDIAL
NON-GAUSSIANITIES

In this section, as a starting point to derive the correlation
hierarchy in the presence of primordial non-Gaussianity,

we give a general framework to deal with non-Gaussian
matter fluctuations at linear order. In Sec. II A, we present a
description of non-Gaussian primordial density fields
through their Taylor expansion over auxiliary Gaussian
fields. In Sec. II B, this is generalized to the probability
distribution functional for non-Gaussian primordial fluc-
tuations, which is later used to derive the consistency
relations for matter fluctuations. As a simple and illustrative
example, in Sec. II C, we consider the non-Gaussian model
in which the Taylor expansion is truncated at second order.
Specific models to realize such a non-Gaussianity are
described in Sec. II D, and we briefly discuss their distinct
features in the squeezed limit.

A. Primordial density field as a nonlinear
functional of a Gaussian field

Simple models of primordial non-Gaussianities can be
built where the primordial (i.e., linear) density contrast
δLðx; τÞ can be written as a nonlinear functional of a
Gaussian field χðx; τÞ. Linearizing over the non-
Gaussianity parameters fðnÞNL, as we do throughout this study,
we write in Fourier space

δL0ðkÞ ¼ χ0ðkÞ þ
X∞

n¼2

Z Yn

i¼1

dkiδD

!
k −

Xn

i¼1

ki

"

× fðnÞNL 0ðk1;…;knÞ
Yn

i¼1

χ0ðkiÞ; ð1Þ

where the subscript “0” denotes that we normalize the fields
today at z ¼ 0 and we can take the kernels fðnÞNL to be
symmetric. Throughout this paper we assume statistical
homogeneity, hence the Dirac factors in Eq. (1), and
isotropy, which yields the constraint

fðnÞNLðk1;…;knÞ ¼ fðnÞNLð−k1;…;−knÞ: ð2Þ

For the sake of generality we keep track of all orders n ≥ 2
in the nonlinear functional δL½χ&, but in practice one often
only includes the quadratic or cubic terms, which are then
denoted as fN ¼ fð2ÞNL and gNL ¼ fð3ÞNL. The fields δL, χ, and

the kernels fðnÞNL evolve with redshift as

δL ¼ DþδL0; χ ¼ Dþχ0; fðnÞNL ¼ D1−n
þ fðnÞNL0; ð3Þ

where DþðτÞ is the linear growing mode. The kernels fðnÞNL
must satisfy the constraint

n≥ 2∶ fðnÞNLðk1;…;knÞ¼ 0 for k1þ'''þkn¼ 0; ð4Þ

so that δLð0Þ ¼ 0. At linear order over fðnÞNL, this yields the
primordial power spectrum
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If the initial density field is a nonlinear function of a Gaussian field:

or its PDF is non-Gaussian:

hδL0ðkÞδL0ð−kÞi0 ≡ PL0ðkÞ

¼ Pχ0ðkÞ þ 2Pχ0ðkÞ
X∞

n¼1

ð2nþ 1Þ!!
Z Yn

i¼1

dk0
i

× fð2nþ1Þ
NL0 ðk;k0

1;−k0
1;…;k0

n;−k0
nÞ
Yn

i¼1

Pχ0ðk
0
iÞ ð5Þ

and the primordial bispectrum

hδL0ðk1ÞδL0ðk2ÞδL0ðk3Þi0

¼Pχ0ðk2ÞPχ0ðk3Þ
X∞

n¼1

2nð2n−1Þ!!
Z Yn−1

i¼1

dk0
i

Yn−1

i¼1

Pχ0ðk
0
iÞ

×fð2nÞNL0ðk2;k3;k0
1;−k0

1;…;k0
n−1;−k0

n−1Þþ2 cyc;

ð6Þ

where the prime in h…i0 denotes that we removed the Dirac
factors δDð

P
kiÞ.

Because the relevant field for the formation of large-scale
structures is the linear density field δL0 rather than the
auxiliary Gaussian field χ0, it is convenient to eliminate χ0
in favor of δL0. This is possible because, at linear order over
fðnÞNL, we can invert Eq. (1) as

χ0ðkÞ ¼ δL0ðkÞ −
X∞

n¼2

Z Yn

i¼1

dkiδD

!
k −

Xn

i¼1

ki

"

× fðnÞNL 0ðk1;…;knÞ
Yn

i¼1

δL0ðkiÞ þOðf2NLÞ: ð7Þ

The generating functional hej·δL0i reads as

hej·δL0i ¼
Z

Dχ0ej·δL0½χ0&e
−χ0·C−1

χ0
·χ0=2; ð8Þ

as χ0 is Gaussian and we introduced the inverse
matrix C−1

χ0 of the two-point correlation Cχ0ðk1;k2Þ≡
δDðk1 þ k2ÞPχ0ðk1Þ. Using Eq. (7), we can change the
variable to δL0 to obtain

hej·δL0i¼
Z

DδL0J exp
#
j ·δL0−

!
δL0−

X

n

fðnÞNL0δL0…δL0

"

·C−1
χ0 ·

!
δL0−

X

n

fðnÞNL0δL0…δL0

"
=2
$
; ð9Þ

where the Jacobian determinant reads at linear order over
fðnÞNL as

J ≡
%%%% det

!
Dχ0
DδL0

"%%%%

¼ 1 −
X∞

n¼3

n
Z

dk
Z Yn−1

i¼1

dk0
iδD

!Xn−1

i¼1

k0
i

"

× fðnÞNL0ðk;k0
1;…;k0

n−1Þ
Yn−1

i¼1

δL0ðk0
iÞ: ð10Þ

Here we used the fact that the first term n ¼ 2 in Eq. (10)
vanishes because δL0ðk0

1 ¼ 0Þ ¼ 0 [as enforced by the
Gaussian weight with Pχ0ð0Þ ¼ 0]. Expanding Eq. (9) up to

first order over fðnÞNL, we obtain

hej·δL0i¼
Z

DδL0e
j·δL0−δL0·C−1

χ0
·δL0=2

#
1þ

X∞

n¼2

Z Yn

i¼1

dki

×δD

!Xn

i¼1

ki

"
Snðk1;…;knÞ

Yn

i¼1

δL0ðkiÞ
$
; ð11Þ

where we introduced the symmetric kernels, for n ≥ 2,

Snðk1;…;knÞ ¼ −ðnþ 1Þ
Z

dk0fðnþ1Þ
NL0 ðk0;k1;…;knÞ

þ 1

n

X

cyc

1

Pχ0ðk1Þ
fðn−1ÞNL0 ðk2;…;knÞ; ð12Þ

with fð1ÞNL0ðkÞ≡ 0 and the sum runs over the n cyclic
permutations of fk1;…;kng. This means that the proba-
bility distribution functional of the linear density field δL0
reads as

PðδL0Þ¼ e−
R
dkδL0ðkÞδL0ð−kÞ=2Pχ0

ðkÞ
#
1þ

X∞

n¼2

Z Yn

i¼1

dki

×δD

!Xn

i¼1

ki

"
Snðk1;…;knÞ

Yn

i¼1

δL0ðkiÞ
$
: ð13Þ

B. Primordial density field with a non-Gaussian
probability distribution functional

Independently of any nonlinear mapping to an auxiliary
Gaussian field χ0, as in Eq. (1), we can define the initial
conditions of the cosmological density field δL0 by its
probability distribution functional PðδL0Þ. When we go
beyond the Gaussian case, we face an infinite number of
possibilities; however, we may consider distributions of the
same form as Eq. (13). Here the kernels Sn are no longer
given in terms of kernels fðnÞNL0 as in Eq. (12). They define
the probability distribution (13) of the initial conditions,
through the expansion of its non-Gaussian part over δL0.
This approach is more general than the explicit models (1),
and it also applies to multifield scenarios, where the final
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hδL0ðkÞδL0ð−kÞi0 ≡ PL0ðkÞ

¼ Pχ0ðkÞ þ 2Pχ0ðkÞ
X∞

n¼1

ð2nþ 1Þ!!
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and the primordial bispectrum
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where the prime in h…i0 denotes that we removed the Dirac
factors δDð

P
kiÞ.

Because the relevant field for the formation of large-scale
structures is the linear density field δL0 rather than the
auxiliary Gaussian field χ0, it is convenient to eliminate χ0
in favor of δL0. This is possible because, at linear order over
fðnÞNL, we can invert Eq. (1) as
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The generating functional hej·δL0i reads as

hej·δL0i ¼
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−χ0·C−1

χ0
·χ0=2; ð8Þ

as χ0 is Gaussian and we introduced the inverse
matrix C−1

χ0 of the two-point correlation Cχ0ðk1;k2Þ≡
δDðk1 þ k2ÞPχ0ðk1Þ. Using Eq. (7), we can change the
variable to δL0 to obtain
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where the Jacobian determinant reads at linear order over
fðnÞNL as
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%%%% det

!
Dχ0
DδL0

"%%%%

¼ 1 −
X∞

n¼3

n
Z

dk
Z Yn−1

i¼1

dk0
iδD

!Xn−1

i¼1

k0
i

"

× fðnÞNL0ðk;k0
1;…;k0

n−1Þ
Yn−1

i¼1

δL0ðk0
iÞ: ð10Þ

Here we used the fact that the first term n ¼ 2 in Eq. (10)
vanishes because δL0ðk0

1 ¼ 0Þ ¼ 0 [as enforced by the
Gaussian weight with Pχ0ð0Þ ¼ 0]. Expanding Eq. (9) up to

first order over fðnÞNL, we obtain
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where we introduced the symmetric kernels, for n ≥ 2,
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þ 1
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with fð1ÞNL0ðkÞ≡ 0 and the sum runs over the n cyclic
permutations of fk1;…;kng. This means that the proba-
bility distribution functional of the linear density field δL0
reads as

PðδL0Þ¼ e−
R
dkδL0ðkÞδL0ð−kÞ=2Pχ0

ðkÞ
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B. Primordial density field with a non-Gaussian
probability distribution functional

Independently of any nonlinear mapping to an auxiliary
Gaussian field χ0, as in Eq. (1), we can define the initial
conditions of the cosmological density field δL0 by its
probability distribution functional PðδL0Þ. When we go
beyond the Gaussian case, we face an infinite number of
possibilities; however, we may consider distributions of the
same form as Eq. (13). Here the kernels Sn are no longer
given in terms of kernels fðnÞNL0 as in Eq. (12). They define
the probability distribution (13) of the initial conditions,
through the expansion of its non-Gaussian part over δL0.
This approach is more general than the explicit models (1),
and it also applies to multifield scenarios, where the final
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the consistency relations take a more complicated form:

new terms that do not vanish at equal times



Angular-averaged consistency relations

P.V. (2013), Kehagias et al.(2013), T. Nishimichi & P. V. (2014,2015)



To go beyond the leading-order relations, or to obtain new relations, we must find 
additional symmetries.
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Within the approximation                         all explicit dependence on cosmology disappears.

approximate symmetry

This remains true beyond shell crossing.  The equation of motion of the particle trajectories reads as:
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B) Angular averaging

To get rid of the leading-order kinematic effect, associated with the uniform motion of small-scale 
structures, we integrate over the angles of the soft modes.
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This eventually leads to the angular-averaged consistency relations:

These relations no longer vanish at equal times.

The lowest-order relation, for the bispectrum, reads as:
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high- and the low-resolution simulations. As we have
discussed in a series of our previous studies, the low-
resolution simulations are affected by the numerical error
arising from the finiteness of the spatial resolution, and
the power spectrum on small scales is underestimated by
a few per cent at k >

∼ 0.3 h Mpc−1. The ratio plotted
in the bottom panels is actually larger than unity on
these scales. The systematic error is more important at
z = 0.35 and it amounts to ∼ 5% on the smallest scales
of the plot. In reality, however, we do not use the low-
resolution simulations in the test at k > 0.4 h Mpc−1,
and the systematic error is at most 3% over the wave
number range where we use these simulations. We also
expect a similar quality in the measurement from the
high-resolution simulations at k ∼ 1 h Mpc−1. This is
again because the two sets of simulations have a factor
of two difference in the mean inter-particle distance, and
this distance serves as a rough indicator of the scale where
the simulation starts to be affected by finiteness effects.

D. Results

Now we are in a position to discuss the validity of the
consistency relation (6) between the angular-averaged
bispectrum and the power spectrum of the matter density
field. We consider the ratio of the two sides of Eq. (6),
measure this combination from each realization, and then
take the average over realizations, which is plotted in
Figs. 6 and 7 respectively at z = 1 and z = 0.35.

The left four panels in each of the two figures show the
measurement from the low-resolution simulations cover-
ing a larger volume (0.1 h Mpc−1 ≤ k ≤ 0.4 h Mpc−1),
while the right panels show that from high-resolution
simulations (0.4 h Mpc−1 ≤ k ≤ 1.0 h Mpc−1), as a func-
tion of the soft wave number k′. We also plot the ra-
tio expected from the tree-level perturbation theory (9)
(solid lines) and the ratio of the measured bispectrum to
the tree-order prediction (9) in the left upper two panels
(dashed lines). The filled circles correspond to the bis-
pectrum obtained from the nonlinear density fields mea-

sured at the redshift of interest, ⟨δ̃k′ δ̃k−k′/2δ̃−k−k′/2⟩
′

as in Eq.(7), whereas the empty triangles correspond to

the mixed bispectrum ⟨δ̃L,k′ δ̃k−k′/2δ̃−k−k′/2⟩
′, where we

cross-correlate two nonlinear fields with one linear field,
as in Eq.(3).

In agreement with Figs. 2 and 3, the dashed lines show
that tree-level perturbation theory only gives an accu-
rate prediction for the bispectrum for k′ and k below
∼ 0.1 h Mpc−1. When k = 0.2 h Mpc−1, it underesti-
mates the bispectrum by about 10%, and for higher k
the discrepancy becomes greater and can reach a factor
two or more (it no longer appears in these panels be-
cause it is out of range). This shows that the panels with
k ≥ 0.3 h Mpc−1 are beyond the lowest-order perturba-
tive regime and that we test the consistency relation (6)
in a nontrivial regime, beyond the perturbative check of

FIG. 6: Ratio of the two sides of Eq. (6) at z = 1. Each panel
plots the ratio as a function of k′ for a fixed k shown in the
legend. The symbols are the results from low-resolution sim-
ulations (left panels) and high-resolution simulations (right
panels). Filled circles correspond to measures of the bispec-
trum from (11), whereas for empty triangles we use for the
soft mode the linear density contrast δ̃L,k′ instead of the non-

linear density contrast δ̃k′ as in Eq.(3). The solid lines show
the predictions of the tree-level perturbation theory for this
ratio, whereas the dashed lines in the left upper two panels
show the ratio of the measured bispectrum to its tree-order
prediction (9).

FIG. 7: Same as Fig. 6, but the results at z = 0.35.
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Numerical check:

ratio of the nonlinear bispectrum to the consistency relation result, given by a product 
of one linear power spectrum and one nonlinear power spectrum.
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consistency 
relation = 1

lowest-order 
PT result

(out of the plot 
otherwise)

this approximate consistency 
relation significantly improves 
over lowest-order PT result, 
and goes up to k~1 h/Mpc



C) Redshift space

The comparison with Eq. (8) gives, after writing the correlations in terms of Fourier-space polyspectra,
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whereΩk0 is the unit vector along the direction of k0 and δKi;j
is the Kronecker symbol. The subscript k0 → 0 recalls that
this relation only gives the leading-order term in the large-
scale limit k0 → 0, whereas the wave numbers fk1;…; kng
are fixed and may be within the nonlinear regime. Here, we
denoted with a prime the reduced polyspectra, defined as

h~δsðk1Þ…~δsðknÞi ¼ h~δsðk1Þ…~δsðknÞi0δDðk1 þ…þ knÞ;
ð38Þ

where we explicitly factor out the Dirac factor associated
with statistical homogeneity. In particular, this means that

h~δsðk1Þ…~δsðknÞi0 can be written as a function of the n − 1
wave numbers fk1;…; kn−1g only.
On large scales, we recover the linear theory [4,35],

with ~δðk0;t0Þ≃Dþðt0Þ~δL0ðk0Þ and ~δsðk0;t0Þ≃Dþðt0Þ~δL0ðk0Þ×
ð1þf0μ02Þ, where μ0 is the cosine of the wave number k0

with the line of sight, as in

μ ¼ k · er
k

: ð39Þ

Therefore, Eq. (37) also gives
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h~δsðk1; t1Þ…~δsðkn; tnÞi0:

ð40Þ

When all times are equal, t0 ¼ t1 ¼ … ¼ tn ≡ t, this simplifies as
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V. BISPECTRUM

A. Relation in fk; μ2g space
The lowest-order equal-time consistency relation

obtained from Eq. (41) corresponds to n ¼ 2, that is, the
bispectrum built from the correlation between two small-
scale modes and one large-scale mode. We define the
bispectrum as in Eq. (38),

h~δsðk1Þ~δsðk1Þ~δsðk1Þi ¼ Bsðk1; k2; k3ÞδDðk1 þ k2 þ k3Þ:
ð42Þ

In contrast with the real-space bispectrum, Bðk1; k2; k3Þ,
which only depends on the lengths of the three wave

numbers fk1; k2; k3g thanks to statistical isotropy, the
redshift-space bispectrum also depends on angles because
the velocity component along the line of sight breaks the
isotropy. Then, Eq. (41) yields
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isotropy. Then, Eq. (41) yields
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In redshift space the  relations are more intricate:

Having already presented the methods we employ to
measure the derivative terms in the previous subsection,
the postprocessing for the simulation outputs is exactly the
same as in Ref. [28] except that we now consider the
particle positions in redshift space. The matter density field
is constructed with the Cloud-in-Cells (CIC) interpolation
on 10243 mesh cells, and subsequent computations are
based on the fast Fourier transform. The change in the
particle coordinates corresponding to a slight change in
lnDþ is also computed based on the calculation on the
same mesh cells for ∂ϕ=∂r and then interpolated to the
positions of particles using the CIC kernel [see Eq. (77)].
The monopole and the quadrupole moments of the

relation for the bispectra, Eqs. (48) and (49), are, respec-
tively, shown in the left and the right panels of Fig. 1. In
each panel, we fix the value of the larger wave number k
and plot the ratio of the two sides as a function of the
smaller wave number k0. The error bars are estimated based
on the scatter among the 60 independent realizations. They
thus correspond to the error level expected for an ideal
survey with a volume of ∼8 h−3Gpc3 when we can ignore
the shot-noise contamination. Overall, the ratio is close to
unity for both the monopole and quadrupole. From this
figure, we basically confirm the relations at the non-
perturbative level in the three-dimensional dynamics.

The dashed lines in Fig. 1 show the ratio of the measured
bispectrum to its tree-order predictions (67) and (68). For
the monopole, this lowest-order perturbative prediction
fares reasonably well as it only underestimates the non-
linear results by 30%, on these scales. However, it is
already less accurate than our result (48), which takes into
account higher-order and nonperturbative nonlinear cor-
rections (at the price of the approximationΩm=f2 ≃ 1). For
the quadrupole, the lowest-order perturbative prediction
does not appear in the panels at k ≥ 0.4 hMpc−1 because in
these cases it is out of range and actually gives the wrong
sign. This change of sign is likely due to the fingers-of-god
(FOG) effect, which is not captured by perturbation theory.
Indeed, it is well known that higher-order multipoles are
increasingly sensitive to small-scale nonlinear contribu-
tions, as FOG effects impart a strong angular dependence to
the bispectrum [32].
We can confirm this from Fig. 2; we remove most of the

FOG effect from the simulated density field in redshift
space by relocating all the member particles of friends-of-
friends halos to the centers of mass. We do this to one of our
60 realizations and measure the same angular-averaged
bispectra (symbols), which are compared with the original
measurement (solid lines) from the same realization. The
difference between the symbols and the lines is more
prominent for higher multipoles and on smaller scales. The

FIG. 1. Consistency-relation ratio for the redshift-space bis-
pectrum from N-body simulations. The circles with error bars
show our numerical measurements, while the dashed lines show
the ratio of the measured bispectrum to its tree-order predictions
(67) and (68). We omit the statistical errors on the dashed lines for
clarity, but they are very similar to those on the circles. Note that
the dashed lines fall out of the plotted range for the quadrupole
moment on small scales (k ≥ 0.4 hMpc−1), as they take the
wrong sign.

FIG. 2. Impact of the finger-of-god effect on the angular-
averaged bispectra. We show by the symbols the multipole
moments of the bispectra after the FOG removal with the
procedure explained in the text. The original measurement
without this compression is shown by the solid line. Note that
this exercise is done with one of our 60 realizations, and the result
from the same realization is shown for the original measurement
for a fair comparison.
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consistency 
relation = 1

lowest-order 
PT result

Here, we used the symmetries of the redshift-space power
spectrum to write PsðkÞ as a function of k and μ2. In
Eq. (43), the power spectrum is written as a function of time
through the functions Dþ and f, that is,

Psðk; tÞ ¼ Psðk; μ2;Dþ; fÞ: ð44Þ

In particular, in the linear regime, we have the well-known
expression

Ps
Lðk; tÞ ¼ D2

þPL0ðkÞð1þ fμ2Þ2; ð45Þ

where PL0 is the linear real-space power spectrum today.
When f ¼ 0, the relation (43) recovers the real-space
consistency relation, as it should.

B. Multipole expansion

The consistency relation (43) is written for a given
value of k and μ. In practice, rather than considering the
redshift-space power spectrum over a grid of μ, one
often expands the dependence on μ over Legendre
polynomials. Thus, we write the nonlinear redshift-space
power spectrum as

PsðkÞ ¼ Psðk; μ2Þ ¼
X∞

l¼0

Ps
2lðkÞL2lðμÞ; ð46Þ

where LlðμÞ is the Legendre polynomial of order l.
Only even orders contribute to this expansion because
Ps is an even function of μ. Substituting into Eq. (43),
we obtain
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For the first two multipoles, 2l ¼ 0 and 2l ¼ 2, this yields
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C. f derivative

1. Relations in fk; μ2g space

In practice, we cannot directly measure the derivative
with respect to f of the redshift-space power spectrum
because the time derivative combines the derivatives with
respect to Dþ and f. Therefore, the expression (43) can
only be applied to analytical models, where the depend-
ences on Dþ and f are explicitly known. To obtain an

expression that can be applied to numerical or observed
power spectra, we must write the derivative with respect to
f in terms of observed time or space coordinates. Since the
redshift-space power spectrum must coincide with the real-
space power spectrum when either f or μ2 vanishes, each
factor f (respectively, μ2) must appear in combination with
a power of μ2 (respectively, f). Here, we make the ansatz
that the dependence on f and μ2 only appears through the
combination fμ2, which is exact at the linear order (45) (but

REDSHIFT-SPACE EQUAL-TIME ANGULAR-AVERAGED … PHYSICAL REVIEW D 92, 123510 (2015)

123510-7

Here, we used the symmetries of the redshift-space power
spectrum to write PsðkÞ as a function of k and μ2. In
Eq. (43), the power spectrum is written as a function of time
through the functions Dþ and f, that is,

Psðk; tÞ ¼ Psðk; μ2;Dþ; fÞ: ð44Þ

In particular, in the linear regime, we have the well-known
expression

Ps
Lðk; tÞ ¼ D2

þPL0ðkÞð1þ fμ2Þ2; ð45Þ
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The consistency relation (43) is written for a given
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redshift-space power spectrum over a grid of μ, one
often expands the dependence on μ over Legendre
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C. f derivative

1. Relations in fk; μ2g space

In practice, we cannot directly measure the derivative
with respect to f of the redshift-space power spectrum
because the time derivative combines the derivatives with
respect to Dþ and f. Therefore, the expression (43) can
only be applied to analytical models, where the depend-
ences on Dþ and f are explicitly known. To obtain an

expression that can be applied to numerical or observed
power spectra, we must write the derivative with respect to
f in terms of observed time or space coordinates. Since the
redshift-space power spectrum must coincide with the real-
space power spectrum when either f or μ2 vanishes, each
factor f (respectively, μ2) must appear in combination with
a power of μ2 (respectively, f). Here, we make the ansatz
that the dependence on f and μ2 only appears through the
combination fμ2, which is exact at the linear order (45) (but
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Bispectrum monopole:

this approximate consistency 
relation significantly improves 
over lowest-order PT result, 
and goes up to k~1 h/Mpc



Density-velocity consistency relations

L. Rizzo, D. Mota and P.V. (2016,2017)



Let us go back to the exact kinematic consistency relations. 

For a long-wavelength perturbation, we had the transformation:

where we introduced the mean response function

R1;nðxÞ ¼
!
D½ρ1…ρn%
DδL0ðxÞ

"
: ð3Þ

Equation (2) describes how the mixed correlation (1)
between the initial Gaussian field δL0 and the dependent
quantities fρig is related to the response function of the
latter to this Gaussian field. Going to Fourier space, which
we denote with a tilde, with the normalizations δL0ðxÞ ¼R
dkeik·x ~δL0ðkÞ and h~δL0ðk1Þ~δL0ðk2Þi ¼ PL0ðk1ÞδDðk1þ

k2Þ, Eq. (2) gives
~C1;nðkÞ ¼ PL0ðkÞ ~R1;nð−kÞ; ð4Þ

where we defined the Fourier-space correlation and
response functions as

~C1;nðkÞ ¼ h~δL0ðkÞρ1…ρni; ~R1;nðkÞ ¼
!
D½ρ1…ρn%
D~δL0ðkÞ

"
:

Consistency relations for the density contrast.—If we
consider the quantities fρig to be the nonlinear matter
density contrasts ~δðki; τiÞ at wave number ki and con-
formal time τi, Eq. (4) is written as

h~δL0ðk0Þ~δðk1; τ1Þ…~δðkn; τnÞi

¼ PL0ðk0Þ
!
D½~δðk1; τ1Þ…~δðkn; τnÞ%

D~δL0ð−k0Þ

"
: ð5Þ

On large scales the density field is within the linear regime,
~δðk0; τ0Þ → Dþðτ0Þ~δL0ðk0Þ; then for k0 → 0,

k0 → 0∶h~δðk0; τ0Þ~δðk1; τ1Þ…~δðkn; τnÞi

¼ Dþðτ0ÞPL0ðk0Þ
!
D½~δðk1; τ1Þ…~δðkn; τnÞ%

D~δL0ð−k0Þ

"
: ð6Þ

This relation can serve as a basis to derive consistency
relations for the squeezed limit of the nþ 1 density
correlations (i.e., the limit k0 → 0) if we obtain an explicit
expression for the response function in the right-hand side.
It turns out that this is possible because the response of the
matter distribution to a long-wavelength mode ~δL0ðk0Þ
takes a simple form in the limit k0 → 0 [1–3]. Such a
change ΔδL0 of the initial condition is associated with a
change of both the linear density and velocity fields,
because we change the linear growing mode where the
density and velocity fields are coupled [1],

δLðq; τÞ → δ̂L ¼ δL þDþðτÞΔδL0;

vLðq; τÞ → v̂L ¼ vL −
dDþ
dτ

∇−1
q ΔδL0: ð7Þ

Then, in the limit k0 → 0 for the support of ΔδL0ðk0Þ, the
trajectories of the particles are simply modified as [7]

xðq; τÞ → x̂ðq; τÞ ¼ xðq; τÞ þDþðτÞΔΨL0ðqÞ; ð8Þ

where q is the Lagrangian coordinate of the particles and
ΨL0 is the linear displacement field,

ΔΨL0 ¼ −∇−1
q ΔδL0; xLðq; τÞ ¼ qþΨL: ð9Þ

The transformation (8) simplymeans that in the limit k0 → 0
smaller-scale structures are displaced by the uniform
translation ΨL0 as all particles fall at the same rate in the
additional constant force field ΔF ∝ ∇−1

q ΔδL0. In other
words, in the limit k0 → 0 we add an almost constant force
perturbation (i.e., a change of the gravitational potential that
is linear over q for small-scale subsystems) that gives rise to
a uniform displacement, thanks to the weak equivalence
principle [3,7]. Then, the density field δðx; τÞ at time τ is
merely displaced by the shift DþðτÞΔΨL0, which gives in
Fourier space

~δðk; τÞ → ~̂δðk; τÞ ¼ ~δðk; τÞe−ik·DþΔΨL0

¼ ~δðk; τÞ − iDþðk · ΔΨL0Þ~δðk; τÞ;
ð10Þ

where in the last expression we expanded up to linear order
over ΔΨL0. The reader may note that in Eq. (10) we do not
see the additive effect seen at the linear level in the first
Eq. (7). This is because although the small change of the
mean overdensity over a small structure also leads to a faster
(or slower) collapse and distorts the small-scale clustering,
this is a higher-order effect than the kinematic effect studied
in this Letter [10,11]. Indeed, we check in Eqs. (11) and (12)
that this kinematic effect gives rise to factors ∼1=k0 that
diverge as k0 → 0. This is because the linear displacement
field is proportional to the inverse gradient of the linear
density field, ΨL ¼ −∇−1

q δL. In contrast, the distortions of
the small-scale structure (i.e., changes to the shape and
amplitude of the small-scale clustering) are higher-order
effects and do not exhibit this factor 1=k0 [10,11]. Using the
expression ΨL0ðqÞ ¼

R
dkeik·qiðk=k2Þ~δL0ðkÞ, we obtain

k0 → 0∶ DΨL0ðqÞ
D~δL0ðk0Þ

¼ i
k0

k02
;

D~δðkÞ
D~δL0ðk0Þ

¼ Dþ
k · k0

k02
~δðkÞ: ð11Þ

Using this result in the relation (6) gives

h~δðk0; τ0Þ~δðk1; τ1Þ…~δðkn; τnÞi0k0→0

¼ −PLðk0; τ0Þ

× h~δðk1; τ1Þ…~δðkn; τnÞi0
Xn

i¼1

DþðτiÞ
Dþðτ0Þ

ki · k0

k02
; ð12Þ

which is the density consistency relation in the subhorizon
Newtonian regime [1–9]. Here the prime in h…i0 denotes
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expression for the response function in the right-hand side.
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which is the density consistency relation in the subhorizon
Newtonian regime [1–9]. Here the prime in h…i0 denotes
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where we introduced the mean response function

R1;nðxÞ ¼
!
D½ρ1…ρn%
DδL0ðxÞ

"
: ð3Þ

Equation (2) describes how the mixed correlation (1)
between the initial Gaussian field δL0 and the dependent
quantities fρig is related to the response function of the
latter to this Gaussian field. Going to Fourier space, which
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"
:

Consistency relations for the density contrast.—If we
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: ð5Þ
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"
: ð6Þ

This relation can serve as a basis to derive consistency
relations for the squeezed limit of the nþ 1 density
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because we change the linear growing mode where the
density and velocity fields are coupled [1],
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∇−1
q ΔδL0: ð7Þ

Then, in the limit k0 → 0 for the support of ΔδL0ðk0Þ, the
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ð10Þ

where in the last expression we expanded up to linear order
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Using this result in the relation (6) gives
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× h~δðk1; τ1Þ…~δðkn; τnÞi0
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which is the density consistency relation in the subhorizon
Newtonian regime [1–9]. Here the prime in h…i0 denotes
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This also gives for the velocity field:that we removed the Dirac factors δDð
P

kiÞ. The remark-
able property of Eq. (12) is that it does not require the wave
numbers ki to be in the linear or perturbative regimes. In
particular, it still applies when ki are in the highly nonlinear
regime governed by shell-crossing effects and affected by
baryonic and galactic processes such as star formation and
cooling. In fact, under the approximation of the squeezed
limit, the long-wavelength fluctuation ~δL0ðk0Þmerely trans-
ports the small-scale structure of the system. This also leads
to another key property of Eq. (12), namely, that it vanishes
at equal times, τ1 ¼ :: ¼ τn.
Consistency relations for velocity and momentum

fields.—The leading-order effect of a long-wavelength
perturbation is to move smaller structures by a uniform
shift and single-time statistics that only probe the density
field cannot see any effect. However, it is clear that we may
detect an effect if we consider the velocity field, as the latter

is again displaced but also has its amplitude modified.
Thus, the transformation law (10) becomes

~vðk; τÞ → ~̂vðk; τÞ ¼ ~vðk; τÞ − iDþðk · ΔΨL0Þ~vðk; τÞ

þ dDþ
dτ

ΔΨL0δDðkÞ; ð13Þ

where the last factor is the new term, as compared with
Eq. (10), that is associated with the shift of the amplitude.
This yields

k0 → 0∶
D~vðkÞ

D~δL0ðk0Þ
¼ Dþ

k · k0

k02
~vðkÞ þ dDþ

dτ
i
k0

k02
δDðkÞ:

ð14Þ

Using again the general relation (4), as in Eq. (6) but where
the quantities fρ1; ::; ρng are a combination of density
contrasts and velocities, we obtain

!
~δðk0; τ0Þ

Yn

j¼1

~δðkj; τjÞ
Ynþm

j¼nþ1

~vðkj; τjÞ
"0

k0→0

¼ −PLðk0; τ0Þ
#!Yn

j¼1

~δðkj; τjÞ
Ynþm

j¼nþ1

~vðkj; τjÞ
"0 Xnþm

i¼1

DþðτiÞ
Dþðτ0Þ

ki · k0

k02

þ
Xnþm

i¼nþ1

!Yn

j¼1

~δðkj; τjÞ
Yi−1

j¼nþ1

~vðkj; τjÞ

×
$
ðdDþ=dτÞðτiÞ

Dþðτ0Þ
i
k0

k02
δDðkiÞ

% Ynþm

j¼iþ1

~vðkj; τjÞ
"0&

: ð15Þ

If we take ki ≠ 0, as usual for studies of Fourier-space
polyspectra, the last term vanishes and we recover the same
form as for the consistency relation (12) of the density field.
However, this new Dirac term gives a nonzero contribution
in configuration space. Therefore, real-space correlation
functions obey consistency relations that differ from
those of the density field if we include cross correlations
with the velocity field. The correlation functions in
Eq. (15) are 3m-component quantities, as the velocity field
is a 3-component vector. One may obtain scalar relations by
taking for instance the divergence of the velocity field or
considering the components along Cartesian coordinates.
The divergence θ ¼ ∇ · v was considered in [2,5]. We
recover the fact that it obeys relations similar to the
density field because the new Dirac term δDðkiÞ disappears
as ~θi ¼ iki · ~vi. We rather focus on the divergence
of the momentum field in this Letter, as it yields new
terms in the consistency relations and it satisfies a direct
relationship with the density field, which may provide
useful checks.
One simple way to make the last term in Eq. (13) relevant

in Fourier space at nonzero wave numbers is to consider
composite operators, that is, products of the velocity field
with other fields. Therefore, we define the momentum p as

p ¼ ð1þ δÞv; ð16Þ

which reads in Fourier space as

~pðkÞ ¼ ~vðkÞ þ
Z

dk1dk2δDðk1 þ k2 − kÞ~δðk1Þ~vðk2Þ:

ð17Þ

Using Eqs. (11) and (14) we obtain

k0 → 0∶
D ~pðkÞ
D~δL0ðk0Þ

¼ Dþ
k · k0

k02
~pðkÞ

þ dDþ
dτ

i
k0

k02
½δDðkÞ þ ~δðkÞ&: ð18Þ

The first term, which is common with Eqs. (11) and (14),
corresponds to the translation of the system, whereas
the second term corresponds to the additional velocity
generated by the long-wavelength mode. Thanks to the
convolution in Eq. (17) it is now nonzero for k ≠ 0.
However, in contrast to the translation term, it transforms
the field because the functional derivative of the momen-
tum ~p now gives rise to a factor that is proportional to the
density contrast ~δ. In a fashion similar to Eqs. (12) and (15),
we obtain the consistency relation
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that we removed the Dirac factors δDð
P

kiÞ. The remark-
able property of Eq. (12) is that it does not require the wave
numbers ki to be in the linear or perturbative regimes. In
particular, it still applies when ki are in the highly nonlinear
regime governed by shell-crossing effects and affected by
baryonic and galactic processes such as star formation and
cooling. In fact, under the approximation of the squeezed
limit, the long-wavelength fluctuation ~δL0ðk0Þmerely trans-
ports the small-scale structure of the system. This also leads
to another key property of Eq. (12), namely, that it vanishes
at equal times, τ1 ¼ :: ¼ τn.
Consistency relations for velocity and momentum

fields.—The leading-order effect of a long-wavelength
perturbation is to move smaller structures by a uniform
shift and single-time statistics that only probe the density
field cannot see any effect. However, it is clear that we may
detect an effect if we consider the velocity field, as the latter

is again displaced but also has its amplitude modified.
Thus, the transformation law (10) becomes

~vðk; τÞ → ~̂vðk; τÞ ¼ ~vðk; τÞ − iDþðk · ΔΨL0Þ~vðk; τÞ

þ dDþ
dτ

ΔΨL0δDðkÞ; ð13Þ

where the last factor is the new term, as compared with
Eq. (10), that is associated with the shift of the amplitude.
This yields

k0 → 0∶
D~vðkÞ

D~δL0ðk0Þ
¼ Dþ

k · k0

k02
~vðkÞ þ dDþ

dτ
i
k0

k02
δDðkÞ:

ð14Þ

Using again the general relation (4), as in Eq. (6) but where
the quantities fρ1; ::; ρng are a combination of density
contrasts and velocities, we obtain

!
~δðk0; τ0Þ

Yn

j¼1

~δðkj; τjÞ
Ynþm

j¼nþ1

~vðkj; τjÞ
"0

k0→0
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×
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: ð15Þ

If we take ki ≠ 0, as usual for studies of Fourier-space
polyspectra, the last term vanishes and we recover the same
form as for the consistency relation (12) of the density field.
However, this new Dirac term gives a nonzero contribution
in configuration space. Therefore, real-space correlation
functions obey consistency relations that differ from
those of the density field if we include cross correlations
with the velocity field. The correlation functions in
Eq. (15) are 3m-component quantities, as the velocity field
is a 3-component vector. One may obtain scalar relations by
taking for instance the divergence of the velocity field or
considering the components along Cartesian coordinates.
The divergence θ ¼ ∇ · v was considered in [2,5]. We
recover the fact that it obeys relations similar to the
density field because the new Dirac term δDðkiÞ disappears
as ~θi ¼ iki · ~vi. We rather focus on the divergence
of the momentum field in this Letter, as it yields new
terms in the consistency relations and it satisfies a direct
relationship with the density field, which may provide
useful checks.
One simple way to make the last term in Eq. (13) relevant

in Fourier space at nonzero wave numbers is to consider
composite operators, that is, products of the velocity field
with other fields. Therefore, we define the momentum p as

p ¼ ð1þ δÞv; ð16Þ

which reads in Fourier space as

~pðkÞ ¼ ~vðkÞ þ
Z

dk1dk2δDðk1 þ k2 − kÞ~δðk1Þ~vðk2Þ:

ð17Þ

Using Eqs. (11) and (14) we obtain

k0 → 0∶
D ~pðkÞ
D~δL0ðk0Þ

¼ Dþ
k · k0

k02
~pðkÞ

þ dDþ
dτ

i
k0

k02
½δDðkÞ þ ~δðkÞ&: ð18Þ

The first term, which is common with Eqs. (11) and (14),
corresponds to the translation of the system, whereas
the second term corresponds to the additional velocity
generated by the long-wavelength mode. Thanks to the
convolution in Eq. (17) it is now nonzero for k ≠ 0.
However, in contrast to the translation term, it transforms
the field because the functional derivative of the momen-
tum ~p now gives rise to a factor that is proportional to the
density contrast ~δ. In a fashion similar to Eqs. (12) and (15),
we obtain the consistency relation
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uniform translation
change of the velocity amplitude

this effect will not disappear in equal-time statistics !

This Dirac term at k=0 will be relevant in composite operators: 

that we removed the Dirac factors δDð
P

kiÞ. The remark-
able property of Eq. (12) is that it does not require the wave
numbers ki to be in the linear or perturbative regimes. In
particular, it still applies when ki are in the highly nonlinear
regime governed by shell-crossing effects and affected by
baryonic and galactic processes such as star formation and
cooling. In fact, under the approximation of the squeezed
limit, the long-wavelength fluctuation ~δL0ðk0Þmerely trans-
ports the small-scale structure of the system. This also leads
to another key property of Eq. (12), namely, that it vanishes
at equal times, τ1 ¼ :: ¼ τn.
Consistency relations for velocity and momentum

fields.—The leading-order effect of a long-wavelength
perturbation is to move smaller structures by a uniform
shift and single-time statistics that only probe the density
field cannot see any effect. However, it is clear that we may
detect an effect if we consider the velocity field, as the latter

is again displaced but also has its amplitude modified.
Thus, the transformation law (10) becomes

~vðk; τÞ → ~̂vðk; τÞ ¼ ~vðk; τÞ − iDþðk · ΔΨL0Þ~vðk; τÞ

þ dDþ
dτ

ΔΨL0δDðkÞ; ð13Þ

where the last factor is the new term, as compared with
Eq. (10), that is associated with the shift of the amplitude.
This yields

k0 → 0∶
D~vðkÞ

D~δL0ðk0Þ
¼ Dþ

k · k0

k02
~vðkÞ þ dDþ

dτ
i
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k02
δDðkÞ:
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Using again the general relation (4), as in Eq. (6) but where
the quantities fρ1; ::; ρng are a combination of density
contrasts and velocities, we obtain
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If we take ki ≠ 0, as usual for studies of Fourier-space
polyspectra, the last term vanishes and we recover the same
form as for the consistency relation (12) of the density field.
However, this new Dirac term gives a nonzero contribution
in configuration space. Therefore, real-space correlation
functions obey consistency relations that differ from
those of the density field if we include cross correlations
with the velocity field. The correlation functions in
Eq. (15) are 3m-component quantities, as the velocity field
is a 3-component vector. One may obtain scalar relations by
taking for instance the divergence of the velocity field or
considering the components along Cartesian coordinates.
The divergence θ ¼ ∇ · v was considered in [2,5]. We
recover the fact that it obeys relations similar to the
density field because the new Dirac term δDðkiÞ disappears
as ~θi ¼ iki · ~vi. We rather focus on the divergence
of the momentum field in this Letter, as it yields new
terms in the consistency relations and it satisfies a direct
relationship with the density field, which may provide
useful checks.
One simple way to make the last term in Eq. (13) relevant

in Fourier space at nonzero wave numbers is to consider
composite operators, that is, products of the velocity field
with other fields. Therefore, we define the momentum p as

p ¼ ð1þ δÞv; ð16Þ

which reads in Fourier space as

~pðkÞ ¼ ~vðkÞ þ
Z

dk1dk2δDðk1 þ k2 − kÞ~δðk1Þ~vðk2Þ:

ð17Þ

Using Eqs. (11) and (14) we obtain

k0 → 0∶
D ~pðkÞ
D~δL0ðk0Þ

¼ Dþ
k · k0

k02
~pðkÞ

þ dDþ
dτ
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k02
½δDðkÞ þ ~δðkÞ&: ð18Þ

The first term, which is common with Eqs. (11) and (14),
corresponds to the translation of the system, whereas
the second term corresponds to the additional velocity
generated by the long-wavelength mode. Thanks to the
convolution in Eq. (17) it is now nonzero for k ≠ 0.
However, in contrast to the translation term, it transforms
the field because the functional derivative of the momen-
tum ~p now gives rise to a factor that is proportional to the
density contrast ~δ. In a fashion similar to Eqs. (12) and (15),
we obtain the consistency relation
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numbers ki to be in the linear or perturbative regimes. In
particular, it still applies when ki are in the highly nonlinear
regime governed by shell-crossing effects and affected by
baryonic and galactic processes such as star formation and
cooling. In fact, under the approximation of the squeezed
limit, the long-wavelength fluctuation ~δL0ðk0Þmerely trans-
ports the small-scale structure of the system. This also leads
to another key property of Eq. (12), namely, that it vanishes
at equal times, τ1 ¼ :: ¼ τn.
Consistency relations for velocity and momentum

fields.—The leading-order effect of a long-wavelength
perturbation is to move smaller structures by a uniform
shift and single-time statistics that only probe the density
field cannot see any effect. However, it is clear that we may
detect an effect if we consider the velocity field, as the latter

is again displaced but also has its amplitude modified.
Thus, the transformation law (10) becomes

~vðk; τÞ → ~̂vðk; τÞ ¼ ~vðk; τÞ − iDþðk · ΔΨL0Þ~vðk; τÞ

þ dDþ
dτ

ΔΨL0δDðkÞ; ð13Þ

where the last factor is the new term, as compared with
Eq. (10), that is associated with the shift of the amplitude.
This yields
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Using again the general relation (4), as in Eq. (6) but where
the quantities fρ1; ::; ρng are a combination of density
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If we take ki ≠ 0, as usual for studies of Fourier-space
polyspectra, the last term vanishes and we recover the same
form as for the consistency relation (12) of the density field.
However, this new Dirac term gives a nonzero contribution
in configuration space. Therefore, real-space correlation
functions obey consistency relations that differ from
those of the density field if we include cross correlations
with the velocity field. The correlation functions in
Eq. (15) are 3m-component quantities, as the velocity field
is a 3-component vector. One may obtain scalar relations by
taking for instance the divergence of the velocity field or
considering the components along Cartesian coordinates.
The divergence θ ¼ ∇ · v was considered in [2,5]. We
recover the fact that it obeys relations similar to the
density field because the new Dirac term δDðkiÞ disappears
as ~θi ¼ iki · ~vi. We rather focus on the divergence
of the momentum field in this Letter, as it yields new
terms in the consistency relations and it satisfies a direct
relationship with the density field, which may provide
useful checks.
One simple way to make the last term in Eq. (13) relevant

in Fourier space at nonzero wave numbers is to consider
composite operators, that is, products of the velocity field
with other fields. Therefore, we define the momentum p as

p ¼ ð1þ δÞv; ð16Þ

which reads in Fourier space as

~pðkÞ ¼ ~vðkÞ þ
Z

dk1dk2δDðk1 þ k2 − kÞ~δðk1Þ~vðk2Þ:

ð17Þ

Using Eqs. (11) and (14) we obtain
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The first term, which is common with Eqs. (11) and (14),
corresponds to the translation of the system, whereas
the second term corresponds to the additional velocity
generated by the long-wavelength mode. Thanks to the
convolution in Eq. (17) it is now nonzero for k ≠ 0.
However, in contrast to the translation term, it transforms
the field because the functional derivative of the momen-
tum ~p now gives rise to a factor that is proportional to the
density contrast ~δ. In a fashion similar to Eqs. (12) and (15),
we obtain the consistency relation
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This leads to:

that we removed the Dirac factors δDð
P

kiÞ. The remark-
able property of Eq. (12) is that it does not require the wave
numbers ki to be in the linear or perturbative regimes. In
particular, it still applies when ki are in the highly nonlinear
regime governed by shell-crossing effects and affected by
baryonic and galactic processes such as star formation and
cooling. In fact, under the approximation of the squeezed
limit, the long-wavelength fluctuation ~δL0ðk0Þmerely trans-
ports the small-scale structure of the system. This also leads
to another key property of Eq. (12), namely, that it vanishes
at equal times, τ1 ¼ :: ¼ τn.
Consistency relations for velocity and momentum

fields.—The leading-order effect of a long-wavelength
perturbation is to move smaller structures by a uniform
shift and single-time statistics that only probe the density
field cannot see any effect. However, it is clear that we may
detect an effect if we consider the velocity field, as the latter

is again displaced but also has its amplitude modified.
Thus, the transformation law (10) becomes

~vðk; τÞ → ~̂vðk; τÞ ¼ ~vðk; τÞ − iDþðk · ΔΨL0Þ~vðk; τÞ

þ dDþ
dτ

ΔΨL0δDðkÞ; ð13Þ

where the last factor is the new term, as compared with
Eq. (10), that is associated with the shift of the amplitude.
This yields

k0 → 0∶
D~vðkÞ

D~δL0ðk0Þ
¼ Dþ

k · k0

k02
~vðkÞ þ dDþ

dτ
i
k0

k02
δDðkÞ:

ð14Þ

Using again the general relation (4), as in Eq. (6) but where
the quantities fρ1; ::; ρng are a combination of density
contrasts and velocities, we obtain
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ðdDþ=dτÞðτiÞ
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If we take ki ≠ 0, as usual for studies of Fourier-space
polyspectra, the last term vanishes and we recover the same
form as for the consistency relation (12) of the density field.
However, this new Dirac term gives a nonzero contribution
in configuration space. Therefore, real-space correlation
functions obey consistency relations that differ from
those of the density field if we include cross correlations
with the velocity field. The correlation functions in
Eq. (15) are 3m-component quantities, as the velocity field
is a 3-component vector. One may obtain scalar relations by
taking for instance the divergence of the velocity field or
considering the components along Cartesian coordinates.
The divergence θ ¼ ∇ · v was considered in [2,5]. We
recover the fact that it obeys relations similar to the
density field because the new Dirac term δDðkiÞ disappears
as ~θi ¼ iki · ~vi. We rather focus on the divergence
of the momentum field in this Letter, as it yields new
terms in the consistency relations and it satisfies a direct
relationship with the density field, which may provide
useful checks.
One simple way to make the last term in Eq. (13) relevant

in Fourier space at nonzero wave numbers is to consider
composite operators, that is, products of the velocity field
with other fields. Therefore, we define the momentum p as

p ¼ ð1þ δÞv; ð16Þ

which reads in Fourier space as

~pðkÞ ¼ ~vðkÞ þ
Z

dk1dk2δDðk1 þ k2 − kÞ~δðk1Þ~vðk2Þ:

ð17Þ

Using Eqs. (11) and (14) we obtain
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D ~pðkÞ
D~δL0ðk0Þ

¼ Dþ
k · k0

k02
~pðkÞ

þ dDþ
dτ

i
k0

k02
½δDðkÞ þ ~δðkÞ&: ð18Þ

The first term, which is common with Eqs. (11) and (14),
corresponds to the translation of the system, whereas
the second term corresponds to the additional velocity
generated by the long-wavelength mode. Thanks to the
convolution in Eq. (17) it is now nonzero for k ≠ 0.
However, in contrast to the translation term, it transforms
the field because the functional derivative of the momen-
tum ~p now gives rise to a factor that is proportional to the
density contrast ~δ. In a fashion similar to Eqs. (12) and (15),
we obtain the consistency relation
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able property of Eq. (12) is that it does not require the wave
numbers ki to be in the linear or perturbative regimes. In
particular, it still applies when ki are in the highly nonlinear
regime governed by shell-crossing effects and affected by
baryonic and galactic processes such as star formation and
cooling. In fact, under the approximation of the squeezed
limit, the long-wavelength fluctuation ~δL0ðk0Þmerely trans-
ports the small-scale structure of the system. This also leads
to another key property of Eq. (12), namely, that it vanishes
at equal times, τ1 ¼ :: ¼ τn.
Consistency relations for velocity and momentum

fields.—The leading-order effect of a long-wavelength
perturbation is to move smaller structures by a uniform
shift and single-time statistics that only probe the density
field cannot see any effect. However, it is clear that we may
detect an effect if we consider the velocity field, as the latter

is again displaced but also has its amplitude modified.
Thus, the transformation law (10) becomes
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If we take ki ≠ 0, as usual for studies of Fourier-space
polyspectra, the last term vanishes and we recover the same
form as for the consistency relation (12) of the density field.
However, this new Dirac term gives a nonzero contribution
in configuration space. Therefore, real-space correlation
functions obey consistency relations that differ from
those of the density field if we include cross correlations
with the velocity field. The correlation functions in
Eq. (15) are 3m-component quantities, as the velocity field
is a 3-component vector. One may obtain scalar relations by
taking for instance the divergence of the velocity field or
considering the components along Cartesian coordinates.
The divergence θ ¼ ∇ · v was considered in [2,5]. We
recover the fact that it obeys relations similar to the
density field because the new Dirac term δDðkiÞ disappears
as ~θi ¼ iki · ~vi. We rather focus on the divergence
of the momentum field in this Letter, as it yields new
terms in the consistency relations and it satisfies a direct
relationship with the density field, which may provide
useful checks.
One simple way to make the last term in Eq. (13) relevant

in Fourier space at nonzero wave numbers is to consider
composite operators, that is, products of the velocity field
with other fields. Therefore, we define the momentum p as

p ¼ ð1þ δÞv; ð16Þ

which reads in Fourier space as

~pðkÞ ¼ ~vðkÞ þ
Z

dk1dk2δDðk1 þ k2 − kÞ~δðk1Þ~vðk2Þ:

ð17Þ

Using Eqs. (11) and (14) we obtain

k0 → 0∶
D ~pðkÞ
D~δL0ðk0Þ

¼ Dþ
k · k0

k02
~pðkÞ

þ dDþ
dτ

i
k0

k02
½δDðkÞ þ ~δðkÞ&: ð18Þ

The first term, which is common with Eqs. (11) and (14),
corresponds to the translation of the system, whereas
the second term corresponds to the additional velocity
generated by the long-wavelength mode. Thanks to the
convolution in Eq. (17) it is now nonzero for k ≠ 0.
However, in contrast to the translation term, it transforms
the field because the functional derivative of the momen-
tum ~p now gives rise to a factor that is proportional to the
density contrast ~δ. In a fashion similar to Eqs. (12) and (15),
we obtain the consistency relation
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A) Non-zero equal-time relation



Nonzero consistency relation at equal times:
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Ynþm
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"0

k0→0
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~δðkj; τjÞ
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~pðkj; τjÞ
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DþðτiÞ
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þ
Xnþm
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Dþðτ0Þ

!Yn
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~δðkj; τjÞ
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×
$
i
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"0&

: ð19Þ

The first term, which has the same form as the density and velocity consistency relations (12) and (15), is due to the
translation of smaller-scale structures by the long-wavelength mode k0. The new second term is due to the additional
velocity and arises from the second term in Eq. (18). This term has a different form as it transforms one small-scale
momentum mode, ~pðkiÞ, into a small-scale density mode, ~δðkiÞ. Moreover, this new term no longer automatically vanishes
at equal times. This leads to a nontrivial consistency relation at equal times, when τ0 ¼ τ1 ¼ :: ¼ τnþm,

!
~δðk0Þ
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~δðkjÞ
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$
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~pðkjÞ
"0
;

ð20Þ

where we did not write the common time τ of all fields. We can also obtain a consistency relation that involves both the
density and velocity fields ~δ and ~v, together with the momentum field ~p, and it shows the same behaviors.
To obtain a scalar quantity from the momentum field p we consider its divergence,

λ≡∇ · ½ð1þ δÞv&; ~λðkÞ ¼ ik · ~pðkÞ: ð21Þ

Then, the consistency relation for the divergence ~λ follows from Eq. (19). This gives
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−
Xnþm
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!
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Yn

j¼1
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j≠i

~λðkj; τjÞ
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ki · k0

k02

&
: ð22Þ

At equal times this gives the relation

!
~δðk0Þ

Yn

j¼1

~δðkjÞ
Ynþm

j¼nþ1

~λðkjÞ
"0

k0→0

¼ PLðk0Þ
d lnDþ

dτ

Xnþm

i¼nþ1

ki · k0

k02

!
~δðkiÞ

Yn

j¼1

~δðkjÞ
Ynþm

j¼nþ1
j≠i

~λðkjÞ
"0
; ð23Þ

where we did not write the common time τ of all fields. We
can easily check the relation (22) by noticing that the
divergence λ is related to the density field through the
continuity equation, ð∂δ=∂τÞ þ∇ · ½ð1þ δÞv& ¼ 0, which
implies λ ¼ −∂δ=∂τ. Therefore, Eq. (22) can be directly
obtained from the density consistency relation (12) by
taking partial derivatives with respect to the times τj.
Applications.—As for the density contrast relation (12),

the new consistency relations that we have obtained in this
Letter are valid beyond the perturbative regime, after shell
crossing, and also apply to baryons, gas, and galaxies,
independently of the bias of the objects that are used.

Indeed, they only use the property (8), which states that at
leading order the effect of a long-wavelength mode is to
move smaller-scale structures without disturbing them.
This relies on the equivalence principle, which states that
all particles (and astrophysical objects) fall at the same rate
in a gravitational potential well (the inertial mass is also the
gravitational mass) [3,7,8].
After shell crossing we enter a multistreaming regime

where the velocity field is multivalued: at a given position
there are several streams with different velocities as they
cross each other and build a nonzero velocity dispersion, as
within virialized halos. Nevertheless, our results remain
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For the bispectrum:

valid. In that case, v can be taken as any of these streams or
as any given linear combination of them, because all stream
velocities are modified in the same way. In multistreaming
regions, such as high-density nonlinear environments like
clusters or filaments, it is more practical to work with the
mean momentum p, where Eq. (16) reads in the case of
several streams i as p ¼

P
streamsð1þ δiÞvi, or in terms of a

phase-space distribution function as p ¼
R
dvfðx; vÞv.

This is also more convenient for observational purposes
as we only observe velocities where there is baryonic
matter, so that it is easier to build momentum maps than
velocity maps, which are difficult to measure in voids. The
expression (18) remains valid in these multistreaming
regions, as the first term simply expresses the translation
of the smaller-scale system while the second term expresses
the large-scale constant additive term that is added to all
velocities. Thus, these consistency relations only rely on
(1) Gaussian initial conditions [Eq. (4)]; (2) the weak
equivalence principle [Eq. (8)].Therefore, a detection of a
violation would be a signature of non-Gaussian initial
conditions or of a modification of gravity (or a fifth force).
In practice, we also need to make sure the large-scale wave
number k0 is within the linear regime and far below the
other wave numbers ki, so that the limit k0 → 0 is reached.
The simplest relation that does not vanish at equal times

is the bispectrum with one momentum field. From Eqs. (20)
and (23) we obtain for k ≠ 0

h~δðk0Þ~δðkÞ ~pð−kÞi0k0→0 ¼ −i k
0

k02
d lnDþ

dτ
PLðk0ÞPðkÞ;

h~δðk0Þ~δðkÞ~λð−kÞi0k0→0 ¼ −
k · k0

k02
d lnDþ

dτ
PLðk0ÞPðkÞ:

Here PðkÞ is the nonlinear density power spectrum and
these relations remain valid in the nonperturbative non-
linear regime. For galaxies these relations are

h~δðk0Þ~δgðkÞ ~pgð−kÞi0k0→0 ¼ −i
k0

k02
d lnDþ

dτ
PLðk0ÞPδgδgðkÞ;

ð24Þ

h~δðk0Þ~δgðkÞ~λgð−kÞi0k0→0 ¼ −
k · k0

k02
d lnDþ

dτ
PLðk0ÞPδgδgðkÞ;

ð25Þ

where ~δ and PL are again the matter density field and linear
power spectrum, ~δg and ~pg the galaxy density contrast and
momentum, and Pδgδg the galaxy density power spectrum.
In Eqs. (24) and (25) we kept the long mode k0 as the matter

density contrast ~δ because the actual consistency relation is
with respect to the initial condition δL0, as in Eq. (5), and
δðk0Þ merely stands for Dþðτ0ÞδL0ðk0Þ in the limit k0 → 0.
If we wish to write Eqs. (24) and (25) in terms of galaxy
fields only, we need to assume that the matter and galaxy
density fields are related by a finite bias b1 in the limit
k0 → 0. Then, Eq. (25) becomes

b1h~δgðk0Þ~δgðkÞ~λgð−kÞi0k0→0 ¼ −
k · k0

k02
d lnDþ

dτ
Pδgδgðk

0Þ

× PδgδgðkÞ; ð26Þ

where we assumed a deterministic large-scale limit b1 for
the galaxy bias, k0 → 0∶δgðk0Þ ¼ b1δðk0Þ. Then, Eq. (26)
can be used as a measurement of the large-scale bias b1.
Conclusions.—We have obtained in this Letter very

general and exact consistency relations for cosmological
structures that do not vanish at equal times by taking
cross correlations with the velocity or momentum fields.
These relations, which are nonperturbative and also
apply to galaxy fields, could be useful to constrain the
Gaussianity of the initial conditions, deviations from
general relativity, or large-scale galaxy bias.
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valid. In that case, v can be taken as any of these streams or
as any given linear combination of them, because all stream
velocities are modified in the same way. In multistreaming
regions, such as high-density nonlinear environments like
clusters or filaments, it is more practical to work with the
mean momentum p, where Eq. (16) reads in the case of
several streams i as p ¼

P
streamsð1þ δiÞvi, or in terms of a

phase-space distribution function as p ¼
R
dvfðx; vÞv.

This is also more convenient for observational purposes
as we only observe velocities where there is baryonic
matter, so that it is easier to build momentum maps than
velocity maps, which are difficult to measure in voids. The
expression (18) remains valid in these multistreaming
regions, as the first term simply expresses the translation
of the smaller-scale system while the second term expresses
the large-scale constant additive term that is added to all
velocities. Thus, these consistency relations only rely on
(1) Gaussian initial conditions [Eq. (4)]; (2) the weak
equivalence principle [Eq. (8)].Therefore, a detection of a
violation would be a signature of non-Gaussian initial
conditions or of a modification of gravity (or a fifth force).
In practice, we also need to make sure the large-scale wave
number k0 is within the linear regime and far below the
other wave numbers ki, so that the limit k0 → 0 is reached.
The simplest relation that does not vanish at equal times

is the bispectrum with one momentum field. From Eqs. (20)
and (23) we obtain for k ≠ 0

h~δðk0Þ~δðkÞ ~pð−kÞi0k0→0 ¼ −i k
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Here PðkÞ is the nonlinear density power spectrum and
these relations remain valid in the nonperturbative non-
linear regime. For galaxies these relations are
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where ~δ and PL are again the matter density field and linear
power spectrum, ~δg and ~pg the galaxy density contrast and
momentum, and Pδgδg the galaxy density power spectrum.
In Eqs. (24) and (25) we kept the long mode k0 as the matter

density contrast ~δ because the actual consistency relation is
with respect to the initial condition δL0, as in Eq. (5), and
δðk0Þ merely stands for Dþðτ0ÞδL0ðk0Þ in the limit k0 → 0.
If we wish to write Eqs. (24) and (25) in terms of galaxy
fields only, we need to assume that the matter and galaxy
density fields are related by a finite bias b1 in the limit
k0 → 0. Then, Eq. (25) becomes

b1h~δgðk0Þ~δgðkÞ~λgð−kÞi0k0→0 ¼ −
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where we assumed a deterministic large-scale limit b1 for
the galaxy bias, k0 → 0∶δgðk0Þ ¼ b1δðk0Þ. Then, Eq. (26)
can be used as a measurement of the large-scale bias b1.
Conclusions.—We have obtained in this Letter very

general and exact consistency relations for cosmological
structures that do not vanish at equal times by taking
cross correlations with the velocity or momentum fields.
These relations, which are nonperturbative and also
apply to galaxy fields, could be useful to constrain the
Gaussianity of the initial conditions, deviations from
general relativity, or large-scale galaxy bias.
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Again, it also applies to biased tracers, independently of baryonic physics etc.....
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The first term, which has the same form as the density and velocity consistency relations (12) and (15), is due to the
translation of smaller-scale structures by the long-wavelength mode k0. The new second term is due to the additional
velocity and arises from the second term in Eq. (18). This term has a different form as it transforms one small-scale
momentum mode, ~pðkiÞ, into a small-scale density mode, ~δðkiÞ. Moreover, this new term no longer automatically vanishes
at equal times. This leads to a nontrivial consistency relation at equal times, when τ0 ¼ τ1 ¼ :: ¼ τnþm,
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where we did not write the common time τ of all fields. We can also obtain a consistency relation that involves both the
density and velocity fields ~δ and ~v, together with the momentum field ~p, and it shows the same behaviors.
To obtain a scalar quantity from the momentum field p we consider its divergence,

λ≡∇ · ½ð1þ δÞv&; ~λðkÞ ¼ ik · ~pðkÞ: ð21Þ

Then, the consistency relation for the divergence ~λ follows from Eq. (19). This gives
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At equal times this gives the relation
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where we did not write the common time τ of all fields. We
can easily check the relation (22) by noticing that the
divergence λ is related to the density field through the
continuity equation, ð∂δ=∂τÞ þ∇ · ½ð1þ δÞv& ¼ 0, which
implies λ ¼ −∂δ=∂τ. Therefore, Eq. (22) can be directly
obtained from the density consistency relation (12) by
taking partial derivatives with respect to the times τj.
Applications.—As for the density contrast relation (12),

the new consistency relations that we have obtained in this
Letter are valid beyond the perturbative regime, after shell
crossing, and also apply to baryons, gas, and galaxies,
independently of the bias of the objects that are used.

Indeed, they only use the property (8), which states that at
leading order the effect of a long-wavelength mode is to
move smaller-scale structures without disturbing them.
This relies on the equivalence principle, which states that
all particles (and astrophysical objects) fall at the same rate
in a gravitational potential well (the inertial mass is also the
gravitational mass) [3,7,8].
After shell crossing we enter a multistreaming regime

where the velocity field is multivalued: at a given position
there are several streams with different velocities as they
cross each other and build a nonzero velocity dispersion, as
within virialized halos. Nevertheless, our results remain
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We also obtain for the divergence of the momentum field:

valid. In that case, v can be taken as any of these streams or
as any given linear combination of them, because all stream
velocities are modified in the same way. In multistreaming
regions, such as high-density nonlinear environments like
clusters or filaments, it is more practical to work with the
mean momentum p, where Eq. (16) reads in the case of
several streams i as p ¼

P
streamsð1þ δiÞvi, or in terms of a

phase-space distribution function as p ¼
R
dvfðx; vÞv.

This is also more convenient for observational purposes
as we only observe velocities where there is baryonic
matter, so that it is easier to build momentum maps than
velocity maps, which are difficult to measure in voids. The
expression (18) remains valid in these multistreaming
regions, as the first term simply expresses the translation
of the smaller-scale system while the second term expresses
the large-scale constant additive term that is added to all
velocities. Thus, these consistency relations only rely on
(1) Gaussian initial conditions [Eq. (4)]; (2) the weak
equivalence principle [Eq. (8)].Therefore, a detection of a
violation would be a signature of non-Gaussian initial
conditions or of a modification of gravity (or a fifth force).
In practice, we also need to make sure the large-scale wave
number k0 is within the linear regime and far below the
other wave numbers ki, so that the limit k0 → 0 is reached.
The simplest relation that does not vanish at equal times

is the bispectrum with one momentum field. From Eqs. (20)
and (23) we obtain for k ≠ 0

h~δðk0Þ~δðkÞ ~pð−kÞi0k0→0 ¼ −i k
0

k02
d lnDþ
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h~δðk0Þ~δðkÞ~λð−kÞi0k0→0 ¼ −
k · k0

k02
d lnDþ

dτ
PLðk0ÞPðkÞ:

Here PðkÞ is the nonlinear density power spectrum and
these relations remain valid in the nonperturbative non-
linear regime. For galaxies these relations are

h~δðk0Þ~δgðkÞ ~pgð−kÞi0k0→0 ¼ −i
k0

k02
d lnDþ
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ð24Þ

h~δðk0Þ~δgðkÞ~λgð−kÞi0k0→0 ¼ −
k · k0

k02
d lnDþ

dτ
PLðk0ÞPδgδgðkÞ;

ð25Þ

where ~δ and PL are again the matter density field and linear
power spectrum, ~δg and ~pg the galaxy density contrast and
momentum, and Pδgδg the galaxy density power spectrum.
In Eqs. (24) and (25) we kept the long mode k0 as the matter

density contrast ~δ because the actual consistency relation is
with respect to the initial condition δL0, as in Eq. (5), and
δðk0Þ merely stands for Dþðτ0ÞδL0ðk0Þ in the limit k0 → 0.
If we wish to write Eqs. (24) and (25) in terms of galaxy
fields only, we need to assume that the matter and galaxy
density fields are related by a finite bias b1 in the limit
k0 → 0. Then, Eq. (25) becomes

b1h~δgðk0Þ~δgðkÞ~λgð−kÞi0k0→0 ¼ −
k · k0

k02
d lnDþ

dτ
Pδgδgðk

0Þ

× PδgδgðkÞ; ð26Þ

where we assumed a deterministic large-scale limit b1 for
the galaxy bias, k0 → 0∶δgðk0Þ ¼ b1δðk0Þ. Then, Eq. (26)
can be used as a measurement of the large-scale bias b1.
Conclusions.—We have obtained in this Letter very

general and exact consistency relations for cosmological
structures that do not vanish at equal times by taking
cross correlations with the velocity or momentum fields.
These relations, which are nonperturbative and also
apply to galaxy fields, could be useful to constrain the
Gaussianity of the initial conditions, deviations from
general relativity, or large-scale galaxy bias.
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B) Link with observable quantities

1) ISW

Secondary CMB anisotropy due to the Integrated Sachs-Wolfe effect:

A&A 606, A128 (2017)

where ng(zs) is the redshift distribution of the source galaxies.
Assuming no anisotropic stress, that is, � =  , and using the
Poisson equation,

r2 = 4⇡GN⇢̄0�/a, (18)

where GN is the Newton constant, ⇢̄0 is the mean matter density
of the Universe today, and a is the scale factor, we obtain

s(✓) =
Z

d⌘ I(⌘)
Z

dk W̃⇥(k?r)eikkr+ik?·r✓ �̃(k, ⌘), (19)

with

I(⌘) = 4⇡GN⇢̄0
rg(r)

a
· (20)

3.3. ISW secondary anisotropy �ISW

From Eq. (7) � can be obtained from the momentum divergence
or from the time derivative of the density contrast. These quanti-
ties are not as directly measured from galaxy surveys as density
contrasts. However, we can relate the time derivative of the den-
sity contrast to the ISW e↵ect, which involves the time deriva-
tive of the gravitational potential. Indeed, the secondary CMB
temperature anisotropy due to the integrated Sachs-Wolfe e↵ect
along the direction ✓ reads as (Garriga et al. 2004)

�ISW(✓) =
Z

d⌘ e�⌧(⌘)
 
@ 

@⌘
+
@�

@⌘

!
[r, r✓; ⌘]

= 2
Z

d⌘ e�⌧(⌘)
@ 

@⌘
[r, r✓; ⌘], (21)

where ⌧(⌘) is the optical depth, which takes into account the pos-
sibility of late reionization, and in the second line we assumed
no anisotropic stress, that is, � =  . We can relate �ISW to �
through the Poisson equation (18), which reads in Fourier space
as

�k2 ̃ = 4⇡GN⇢̄0�̃/a. (22)

This gives

@ ̃

@⌘
=

4⇡GN⇢̄0

k2a
(�̃ +H �̃), (23)

where H = d ln a/d⌘ is the conformal expansion rate. Integrat-
ing the ISW e↵ect �ISW over some finite-size window on the sky,
we obtain, as in Eq. (15),

�s
ISW(✓) =

Z
d⌘ IISW(⌘)

Z
dk W̃⇥(k?r)eikkr+ik?·r✓

⇥ �̃ +H �̃
k2 , (24)

with

IISW(⌘) = 8⇡GN⇢̄0
e�⌧

a
· (25)

3.4. Kinematic SZ secondary anisotropy �kSZ

Thomson scattering of CMB photons o↵ moving free electrons
in the hot galactic or cluster gas generates secondary anisotropies
(Sunyaev & Zeldovich 1980; Gruzinov & Hu 1998; Knox et al.
1998). The temperature perturbation, �kSZ = �T/T , due to this
kinematic Sunyaev-Zeldovich (kSZ) e↵ect, is

�kSZ(✓) = �
Z

dl · ue�Tnee�⌧ =
Z

d⌘ IkSZ(⌘)n(✓) · pe, (26)

where ⌧ is again the optical depth, �T the Thomson cross sec-
tion, l the radial coordinate along the line of sight, ne the number
density of free electrons, ue their peculiar velocity, and n(✓) the
radial unit vector pointing to the line of sight. We also defined
the kSZ kernel by

IkSZ(⌘) = ��Tn̄eae�⌧, (27)

and the free electrons momentum pe as

neue = n̄e(1 + �e)ue = n̄e pe. (28)

Because of the projection n· pe along the line of sight, some care
must be taken when we smooth �kSZ(✓) over some finite-size an-
gular window W⇥(|✓0 � ✓|). Indeed, because the di↵erent lines of
sight ✓0 in the conical window are not perfectly parallel, if we
define the longitudinal and transverse momentum components
by the projection with respect to the mean line of sight n(✓) of
the circular window, for example, pek = n(✓) · pe, the projection
n(✓0) · pe receives contributions from both pek and pe?. In the
limit of small angles we could a priori neglect the contribution
associated with pe?, which is multiplied by an angular factor and
vanishes for a zero-size window. However, for small but finite
angles, we need to keep this contribution because fluctuations
along the lines of sight are damped by the radial integrations and
vanish in the Limber approximation, which damps the contribu-
tion associated with pek.

For small angles we write at linear order n(✓) = (✓x, ✓y, 1),
close to a reference direction ✓ = 0. Then, the integration over
the angular window gives for the smoothed kSZ e↵ect

�s
kSZ(✓) =

Z
d⌘ IkSZ(⌘)

Z
dk eik·nr


p̃ekW̃⇥(k?r)

�i
k? · p̃e?

k?
W̃ 0⇥(k?r)

�
. (29)

Here we expressed the result in terms of the longitudinal and
transverse components of the wave numbers and momenta with
respect to the mean line of sight n(✓) of the circular window W⇥.
Thus, whereas the radial unit vector is n(✓) = (✓x, ✓y, 1), we can
define the transverse unit vectors as n?x = (1, 0,�✓x) and n?y =
(0, 1,�✓y), and we write for instance k = k?xn?x + k?yn?y + kkn.
We denote W̃ 0⇥(`) = dW̃⇥/d`. The last term in Eq. (29) is due to
the finite size⇥ of the smoothing window, which makes the lines
of sight within the conical beam not strictly parallel. It vanishes
for an infinitesimal window, where W⇥(✓) = �D(✓) and W̃⇥ = 1,
W̃ 0⇥ = 0. We find in Sect. 5.1 that this contribution is typically
negligible in the regime where the consistency relations apply, as
the width of the small-scale windows is much smaller than the
angular size associated with the long mode.

3.5. Comparison with some other probes

As we explained above, in order to take advantage of the con-
sistency relations we use the ISW or kSZ e↵ects because they
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where ⌧(⌘) is the optical depth, which takes into account the pos-
sibility of late reionization, and in the second line we assumed
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For generality, we considered here the small-scale fields �̃g(k1)
and p̃g(k2) to be associated with biased tracers such as galaxies,
and the tracers associated with k1 and k2 can again be di↵erent
and have di↵erent bias. At equal times, Eq. (5) reads as

h�̃(k)�̃g(k1) p̃g(k2)i0k!0 = �i
k
k2

d ln D
d⌘

PL(k)Pg(k1), (6)

where Pg(k) is the galaxy nonlinear power spectrum and we
omitted the common time dependence. This result does not
vanish thanks to the term generated by p̃ in the consistency
relation (5).

2.3. Consistency relations for momentum-divergence

correlations

In addition to the momentum field p, we can consider its diver-
gence �, defined by

� ⌘ r · [(1 + �)u] = �@�
@⌘
· (7)

The second equality expresses the continuity equation, that is,
the conservation of matter. In the squeezed limit we obtain from
Eq. (4) (Rizzo et al. 2016)

h�̃(k, ⌘)
nY

j=1

�̃(k j, ⌘ j)
n+mY

j=n+1

�̃(k j, ⌘ j)i0k!0 = �PL(k, ⌘)

⇥
( * nY

j=1

�̃(k j, ⌘ j)
n+mY

j=n+1

�̃(k j, ⌘ j)
+0 n+mX

i=1

D(⌘i)
D(⌘)

ki · k
k2

�
n+mX

i=n+1

*
�̃(ki, ⌘i)

nY

j=1

�̃(k j, ⌘ j)
n+mY

j=n+1
j,i

�̃(k j, ⌘ j)
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⇥ (dD/d⌘)(⌘i)
D(⌘)

ki · k
k2

)
· (8)

These relations can actually be obtained by taking derivatives
with respect to the times ⌘ j of the density consistency rela-
tions (1), using the second equality (7). As for the momentum
consistency relations (4), these relations remain valid in the non-
linear regime and for biased small-scale fields �̃g(k j) and �̃g(k j).
The second term in Eq. (8), which arises from the �̃ fields only,
remains nonzero at equal times. This is due to the fact that � in-
volves the velocity or the time-derivative of the density, which
probes the evolution between (infinitesimally close) di↵erent
times.

The simplest relation associated with Eq. (8) is the bispec-
trum among two density-contrast fields and one momentum-
divergence field,

h�̃(k, ⌘)�̃g(k1, ⌘1)�̃g(k2, ⌘2)i0k!0 = �PL(k, ⌘)
k1 · k

k2

⇥
✓
h�̃g(k1, ⌘1)�̃g(k2, ⌘2)i0D(⌘1) � D(⌘2)

D(⌘)

+ h�̃g(k1, ⌘1)�̃g(k2, ⌘2)i0 1
D(⌘)

dD
d⌘

(⌘2)
◆
. (9)

At equal times, Eq. (9) reads as

h�̃(k)�̃g(k1)�̃g(k2)i0k!0 = �
k1 · k

k2
d ln D

d⌘
PL(k)Pg(k1). (10)

3. Observable quantities

To test cosmological scenarios with the consistency relations of
large-scale structures we need to relate them to observable quan-
tities. We describe in this section the observational probes that
we consider in this paper. We use the galaxy numbers counts or
the weak lensing convergence to probe the density field. To ap-
ply the momentum consistency relations (6) and (10), we use the
ISW e↵ect to probe the momentum divergence � (more precisely
the time derivative of the gravitational potential and matter den-
sity) and the kSZ e↵ect to probe the momentum p.

3.1. Galaxy number density contrast �g

From galaxy surveys we can typically measure the galaxy den-
sity contrast within a redshift bin, smoothed with a finite-size
window on the sky,

�sg(✓) =
Z

d✓ 0W⇥(|✓ 0 � ✓|)
Z

d⌘ Ig(⌘)�g[r, r✓ 0; ⌘], (11)

where W⇥(|✓ 0 � ✓|) is a 2D symmetric window function centered
on the direction ✓ on the sky, of characteristic angular radius ⇥,
Ig(⌘) is the radial weight along the line of sight associated with
a normalized galaxy selection function ng(z),

Ig(⌘) =
�����
dz
d⌘

����� ng(z), (12)

r = ⌘0 � ⌘ is the radial comoving coordinate along the line of
sight, and ⌘0 is the conformal time today. Here and in the fol-
lowing we use the flat sky approximation, and ✓ is the 2D vector
that describes the direction on the sky of a given line of sight. The
superscript “s” in �sg denotes that we smooth the galaxy density
contrast with the finite-size window W⇥. Expanding in Fourier
space, we can write the galaxy density contrast as

�sg(✓) =
Z

d✓ 0W⇥(|✓ 0 � ✓|)
Z

d⌘ Ig(⌘)

⇥
Z

dk eikkr+ik?·r✓ 0 �̃g(k, ⌘), (13)

where kk and k? are respectively the parallel and the perpendicu-
lar components of the 3D wavenumber k = (kk, k?) (with respect
to the reference direction ✓ = 0, and we work in the small-angle
limit ✓ ⌧ 1). Defining the 2D Fourier transform of the window
W⇥ as

W̃⇥(|`|) =
Z

d✓ e�i`·✓W⇥(|✓|), (14)

we obtain

�sg(✓) =
Z

d⌘ Ig(⌘)
Z

dk W̃⇥(k?r)eikkr+ik?·r✓ �̃g(k, ⌘). (15)

3.2. Weak lensing convergence 

From weak lensing surveys we can measure the weak lensing
convergence, given in the Born approximation by

s(✓) =
Z

d✓ 0W⇥(|✓ 0 � ✓|)
Z

d⌘ r g(r)r2 + �

2
[r, r✓ 0; ⌘], (16)

where  and � are the Newtonian gauge gravitational potentials
and the kernel g(r) that defines the radial depth of the survey is

g(r) =
Z 1

r
drs

dzs

drs
ng(zs)

rs � r
rs
, (17)
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where ng(zs) is the redshift distribution of the source galaxies.
Assuming no anisotropic stress, that is, � =  , and using the
Poisson equation,

r2 = 4⇡GN⇢̄0�/a, (18)

where GN is the Newton constant, ⇢̄0 is the mean matter density
of the Universe today, and a is the scale factor, we obtain

s(✓) =
Z

d⌘ I(⌘)
Z

dk W̃⇥(k?r)eikkr+ik?·r✓ �̃(k, ⌘), (19)

with

I(⌘) = 4⇡GN⇢̄0
rg(r)

a
· (20)

3.3. ISW secondary anisotropy �ISW

From Eq. (7) � can be obtained from the momentum divergence
or from the time derivative of the density contrast. These quanti-
ties are not as directly measured from galaxy surveys as density
contrasts. However, we can relate the time derivative of the den-
sity contrast to the ISW e↵ect, which involves the time deriva-
tive of the gravitational potential. Indeed, the secondary CMB
temperature anisotropy due to the integrated Sachs-Wolfe e↵ect
along the direction ✓ reads as (Garriga et al. 2004)

�ISW(✓) =
Z

d⌘ e�⌧(⌘)
 
@ 

@⌘
+
@�

@⌘

!
[r, r✓; ⌘]

= 2
Z

d⌘ e�⌧(⌘)
@ 

@⌘
[r, r✓; ⌘], (21)

where ⌧(⌘) is the optical depth, which takes into account the pos-
sibility of late reionization, and in the second line we assumed
no anisotropic stress, that is, � =  . We can relate �ISW to �
through the Poisson equation (18), which reads in Fourier space
as

�k2 ̃ = 4⇡GN⇢̄0�̃/a. (22)

This gives

@ ̃

@⌘
=

4⇡GN⇢̄0

k2a
(�̃ +H �̃), (23)

where H = d ln a/d⌘ is the conformal expansion rate. Integrat-
ing the ISW e↵ect �ISW over some finite-size window on the sky,
we obtain, as in Eq. (15),

�s
ISW(✓) =

Z
d⌘ IISW(⌘)

Z
dk W̃⇥(k?r)eikkr+ik?·r✓

⇥ �̃ +H �̃
k2 , (24)

with

IISW(⌘) = 8⇡GN⇢̄0
e�⌧

a
· (25)

3.4. Kinematic SZ secondary anisotropy �kSZ

Thomson scattering of CMB photons o↵ moving free electrons
in the hot galactic or cluster gas generates secondary anisotropies
(Sunyaev & Zeldovich 1980; Gruzinov & Hu 1998; Knox et al.
1998). The temperature perturbation, �kSZ = �T/T , due to this
kinematic Sunyaev-Zeldovich (kSZ) e↵ect, is

�kSZ(✓) = �
Z

dl · ue�Tnee�⌧ =
Z

d⌘ IkSZ(⌘)n(✓) · pe, (26)

where ⌧ is again the optical depth, �T the Thomson cross sec-
tion, l the radial coordinate along the line of sight, ne the number
density of free electrons, ue their peculiar velocity, and n(✓) the
radial unit vector pointing to the line of sight. We also defined
the kSZ kernel by

IkSZ(⌘) = ��Tn̄eae�⌧, (27)

and the free electrons momentum pe as

neue = n̄e(1 + �e)ue = n̄e pe. (28)

Because of the projection n· pe along the line of sight, some care
must be taken when we smooth �kSZ(✓) over some finite-size an-
gular window W⇥(|✓0 � ✓|). Indeed, because the di↵erent lines of
sight ✓0 in the conical window are not perfectly parallel, if we
define the longitudinal and transverse momentum components
by the projection with respect to the mean line of sight n(✓) of
the circular window, for example, pek = n(✓) · pe, the projection
n(✓0) · pe receives contributions from both pek and pe?. In the
limit of small angles we could a priori neglect the contribution
associated with pe?, which is multiplied by an angular factor and
vanishes for a zero-size window. However, for small but finite
angles, we need to keep this contribution because fluctuations
along the lines of sight are damped by the radial integrations and
vanish in the Limber approximation, which damps the contribu-
tion associated with pek.

For small angles we write at linear order n(✓) = (✓x, ✓y, 1),
close to a reference direction ✓ = 0. Then, the integration over
the angular window gives for the smoothed kSZ e↵ect

�s
kSZ(✓) =

Z
d⌘ IkSZ(⌘)

Z
dk eik·nr


p̃ekW̃⇥(k?r)

�i
k? · p̃e?

k?
W̃ 0⇥(k?r)

�
. (29)

Here we expressed the result in terms of the longitudinal and
transverse components of the wave numbers and momenta with
respect to the mean line of sight n(✓) of the circular window W⇥.
Thus, whereas the radial unit vector is n(✓) = (✓x, ✓y, 1), we can
define the transverse unit vectors as n?x = (1, 0,�✓x) and n?y =
(0, 1,�✓y), and we write for instance k = k?xn?x + k?yn?y + kkn.
We denote W̃ 0⇥(`) = dW̃⇥/d`. The last term in Eq. (29) is due to
the finite size⇥ of the smoothing window, which makes the lines
of sight within the conical beam not strictly parallel. It vanishes
for an infinitesimal window, where W⇥(✓) = �D(✓) and W̃⇥ = 1,
W̃ 0⇥ = 0. We find in Sect. 5.1 that this contribution is typically
negligible in the regime where the consistency relations apply, as
the width of the small-scale windows is much smaller than the
angular size associated with the long mode.

3.5. Comparison with some other probes

As we explained above, in order to take advantage of the con-
sistency relations we use the ISW or kSZ e↵ects because they
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where ng(zs) is the redshift distribution of the source galaxies.
Assuming no anisotropic stress, that is, � =  , and using the
Poisson equation,

r2 = 4⇡GN⇢̄0�/a, (18)

where GN is the Newton constant, ⇢̄0 is the mean matter density
of the Universe today, and a is the scale factor, we obtain

s(✓) =
Z

d⌘ I(⌘)
Z

dk W̃⇥(k?r)eikkr+ik?·r✓ �̃(k, ⌘), (19)

with

I(⌘) = 4⇡GN⇢̄0
rg(r)

a
· (20)

3.3. ISW secondary anisotropy �ISW

From Eq. (7) � can be obtained from the momentum divergence
or from the time derivative of the density contrast. These quanti-
ties are not as directly measured from galaxy surveys as density
contrasts. However, we can relate the time derivative of the den-
sity contrast to the ISW e↵ect, which involves the time deriva-
tive of the gravitational potential. Indeed, the secondary CMB
temperature anisotropy due to the integrated Sachs-Wolfe e↵ect
along the direction ✓ reads as (Garriga et al. 2004)

�ISW(✓) =
Z

d⌘ e�⌧(⌘)
 
@ 

@⌘
+
@�

@⌘

!
[r, r✓; ⌘]

= 2
Z

d⌘ e�⌧(⌘)
@ 

@⌘
[r, r✓; ⌘], (21)

where ⌧(⌘) is the optical depth, which takes into account the pos-
sibility of late reionization, and in the second line we assumed
no anisotropic stress, that is, � =  . We can relate �ISW to �
through the Poisson equation (18), which reads in Fourier space
as

�k2 ̃ = 4⇡GN⇢̄0�̃/a. (22)

This gives

@ ̃

@⌘
=

4⇡GN⇢̄0

k2a
(�̃ +H �̃), (23)

where H = d ln a/d⌘ is the conformal expansion rate. Integrat-
ing the ISW e↵ect �ISW over some finite-size window on the sky,
we obtain, as in Eq. (15),

�s
ISW(✓) =

Z
d⌘ IISW(⌘)

Z
dk W̃⇥(k?r)eikkr+ik?·r✓

⇥ �̃ +H �̃
k2 , (24)

with

IISW(⌘) = 8⇡GN⇢̄0
e�⌧

a
· (25)

3.4. Kinematic SZ secondary anisotropy �kSZ

Thomson scattering of CMB photons o↵ moving free electrons
in the hot galactic or cluster gas generates secondary anisotropies
(Sunyaev & Zeldovich 1980; Gruzinov & Hu 1998; Knox et al.
1998). The temperature perturbation, �kSZ = �T/T , due to this
kinematic Sunyaev-Zeldovich (kSZ) e↵ect, is

�kSZ(✓) = �
Z

dl · ue�Tnee�⌧ =
Z

d⌘ IkSZ(⌘)n(✓) · pe, (26)

where ⌧ is again the optical depth, �T the Thomson cross sec-
tion, l the radial coordinate along the line of sight, ne the number
density of free electrons, ue their peculiar velocity, and n(✓) the
radial unit vector pointing to the line of sight. We also defined
the kSZ kernel by

IkSZ(⌘) = ��Tn̄eae�⌧, (27)

and the free electrons momentum pe as

neue = n̄e(1 + �e)ue = n̄e pe. (28)

Because of the projection n· pe along the line of sight, some care
must be taken when we smooth �kSZ(✓) over some finite-size an-
gular window W⇥(|✓0 � ✓|). Indeed, because the di↵erent lines of
sight ✓0 in the conical window are not perfectly parallel, if we
define the longitudinal and transverse momentum components
by the projection with respect to the mean line of sight n(✓) of
the circular window, for example, pek = n(✓) · pe, the projection
n(✓0) · pe receives contributions from both pek and pe?. In the
limit of small angles we could a priori neglect the contribution
associated with pe?, which is multiplied by an angular factor and
vanishes for a zero-size window. However, for small but finite
angles, we need to keep this contribution because fluctuations
along the lines of sight are damped by the radial integrations and
vanish in the Limber approximation, which damps the contribu-
tion associated with pek.

For small angles we write at linear order n(✓) = (✓x, ✓y, 1),
close to a reference direction ✓ = 0. Then, the integration over
the angular window gives for the smoothed kSZ e↵ect

�s
kSZ(✓) =

Z
d⌘ IkSZ(⌘)

Z
dk eik·nr


p̃ekW̃⇥(k?r)

�i
k? · p̃e?

k?
W̃ 0⇥(k?r)

�
. (29)

Here we expressed the result in terms of the longitudinal and
transverse components of the wave numbers and momenta with
respect to the mean line of sight n(✓) of the circular window W⇥.
Thus, whereas the radial unit vector is n(✓) = (✓x, ✓y, 1), we can
define the transverse unit vectors as n?x = (1, 0,�✓x) and n?y =
(0, 1,�✓y), and we write for instance k = k?xn?x + k?yn?y + kkn.
We denote W̃ 0⇥(`) = dW̃⇥/d`. The last term in Eq. (29) is due to
the finite size⇥ of the smoothing window, which makes the lines
of sight within the conical beam not strictly parallel. It vanishes
for an infinitesimal window, where W⇥(✓) = �D(✓) and W̃⇥ = 1,
W̃ 0⇥ = 0. We find in Sect. 5.1 that this contribution is typically
negligible in the regime where the consistency relations apply, as
the width of the small-scale windows is much smaller than the
angular size associated with the long mode.

3.5. Comparison with some other probes

As we explained above, in order to take advantage of the con-
sistency relations we use the ISW or kSZ e↵ects because they
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where ng(zs) is the redshift distribution of the source galaxies.
Assuming no anisotropic stress, that is, � =  , and using the
Poisson equation,

r2 = 4⇡GN⇢̄0�/a, (18)

where GN is the Newton constant, ⇢̄0 is the mean matter density
of the Universe today, and a is the scale factor, we obtain

s(✓) =
Z

d⌘ I(⌘)
Z

dk W̃⇥(k?r)eikkr+ik?·r✓ �̃(k, ⌘), (19)

with

I(⌘) = 4⇡GN⇢̄0
rg(r)

a
· (20)

3.3. ISW secondary anisotropy �ISW

From Eq. (7) � can be obtained from the momentum divergence
or from the time derivative of the density contrast. These quanti-
ties are not as directly measured from galaxy surveys as density
contrasts. However, we can relate the time derivative of the den-
sity contrast to the ISW e↵ect, which involves the time deriva-
tive of the gravitational potential. Indeed, the secondary CMB
temperature anisotropy due to the integrated Sachs-Wolfe e↵ect
along the direction ✓ reads as (Garriga et al. 2004)

�ISW(✓) =
Z

d⌘ e�⌧(⌘)
 
@ 

@⌘
+
@�

@⌘

!
[r, r✓; ⌘]

= 2
Z

d⌘ e�⌧(⌘)
@ 

@⌘
[r, r✓; ⌘], (21)

where ⌧(⌘) is the optical depth, which takes into account the pos-
sibility of late reionization, and in the second line we assumed
no anisotropic stress, that is, � =  . We can relate �ISW to �
through the Poisson equation (18), which reads in Fourier space
as

�k2 ̃ = 4⇡GN⇢̄0�̃/a. (22)

This gives

@ ̃

@⌘
=

4⇡GN⇢̄0

k2a
(�̃ +H �̃), (23)

where H = d ln a/d⌘ is the conformal expansion rate. Integrat-
ing the ISW e↵ect �ISW over some finite-size window on the sky,
we obtain, as in Eq. (15),

�s
ISW(✓) =

Z
d⌘ IISW(⌘)

Z
dk W̃⇥(k?r)eikkr+ik?·r✓

⇥ �̃ +H �̃
k2 , (24)

with

IISW(⌘) = 8⇡GN⇢̄0
e�⌧

a
· (25)

3.4. Kinematic SZ secondary anisotropy �kSZ

Thomson scattering of CMB photons o↵ moving free electrons
in the hot galactic or cluster gas generates secondary anisotropies
(Sunyaev & Zeldovich 1980; Gruzinov & Hu 1998; Knox et al.
1998). The temperature perturbation, �kSZ = �T/T , due to this
kinematic Sunyaev-Zeldovich (kSZ) e↵ect, is

�kSZ(✓) = �
Z

dl · ue�Tnee�⌧ =
Z

d⌘ IkSZ(⌘)n(✓) · pe, (26)

where ⌧ is again the optical depth, �T the Thomson cross sec-
tion, l the radial coordinate along the line of sight, ne the number
density of free electrons, ue their peculiar velocity, and n(✓) the
radial unit vector pointing to the line of sight. We also defined
the kSZ kernel by

IkSZ(⌘) = ��Tn̄eae�⌧, (27)

and the free electrons momentum pe as

neue = n̄e(1 + �e)ue = n̄e pe. (28)

Because of the projection n· pe along the line of sight, some care
must be taken when we smooth �kSZ(✓) over some finite-size an-
gular window W⇥(|✓0 � ✓|). Indeed, because the di↵erent lines of
sight ✓0 in the conical window are not perfectly parallel, if we
define the longitudinal and transverse momentum components
by the projection with respect to the mean line of sight n(✓) of
the circular window, for example, pek = n(✓) · pe, the projection
n(✓0) · pe receives contributions from both pek and pe?. In the
limit of small angles we could a priori neglect the contribution
associated with pe?, which is multiplied by an angular factor and
vanishes for a zero-size window. However, for small but finite
angles, we need to keep this contribution because fluctuations
along the lines of sight are damped by the radial integrations and
vanish in the Limber approximation, which damps the contribu-
tion associated with pek.

For small angles we write at linear order n(✓) = (✓x, ✓y, 1),
close to a reference direction ✓ = 0. Then, the integration over
the angular window gives for the smoothed kSZ e↵ect

�s
kSZ(✓) =

Z
d⌘ IkSZ(⌘)

Z
dk eik·nr


p̃ekW̃⇥(k?r)

�i
k? · p̃e?

k?
W̃ 0⇥(k?r)

�
. (29)

Here we expressed the result in terms of the longitudinal and
transverse components of the wave numbers and momenta with
respect to the mean line of sight n(✓) of the circular window W⇥.
Thus, whereas the radial unit vector is n(✓) = (✓x, ✓y, 1), we can
define the transverse unit vectors as n?x = (1, 0,�✓x) and n?y =
(0, 1,�✓y), and we write for instance k = k?xn?x + k?yn?y + kkn.
We denote W̃ 0⇥(`) = dW̃⇥/d`. The last term in Eq. (29) is due to
the finite size⇥ of the smoothing window, which makes the lines
of sight within the conical beam not strictly parallel. It vanishes
for an infinitesimal window, where W⇥(✓) = �D(✓) and W̃⇥ = 1,
W̃ 0⇥ = 0. We find in Sect. 5.1 that this contribution is typically
negligible in the regime where the consistency relations apply, as
the width of the small-scale windows is much smaller than the
angular size associated with the long mode.

3.5. Comparison with some other probes

As we explained above, in order to take advantage of the con-
sistency relations we use the ISW or kSZ e↵ects because they
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where ng(zs) is the redshift distribution of the source galaxies.
Assuming no anisotropic stress, that is, � =  , and using the
Poisson equation,

r2 = 4⇡GN⇢̄0�/a, (18)

where GN is the Newton constant, ⇢̄0 is the mean matter density
of the Universe today, and a is the scale factor, we obtain

s(✓) =
Z

d⌘ I(⌘)
Z

dk W̃⇥(k?r)eikkr+ik?·r✓ �̃(k, ⌘), (19)

with

I(⌘) = 4⇡GN⇢̄0
rg(r)

a
· (20)

3.3. ISW secondary anisotropy �ISW

From Eq. (7) � can be obtained from the momentum divergence
or from the time derivative of the density contrast. These quanti-
ties are not as directly measured from galaxy surveys as density
contrasts. However, we can relate the time derivative of the den-
sity contrast to the ISW e↵ect, which involves the time deriva-
tive of the gravitational potential. Indeed, the secondary CMB
temperature anisotropy due to the integrated Sachs-Wolfe e↵ect
along the direction ✓ reads as (Garriga et al. 2004)

�ISW(✓) =
Z

d⌘ e�⌧(⌘)
 
@ 

@⌘
+
@�

@⌘

!
[r, r✓; ⌘]

= 2
Z

d⌘ e�⌧(⌘)
@ 

@⌘
[r, r✓; ⌘], (21)

where ⌧(⌘) is the optical depth, which takes into account the pos-
sibility of late reionization, and in the second line we assumed
no anisotropic stress, that is, � =  . We can relate �ISW to �
through the Poisson equation (18), which reads in Fourier space
as

�k2 ̃ = 4⇡GN⇢̄0�̃/a. (22)

This gives

@ ̃

@⌘
=

4⇡GN⇢̄0

k2a
(�̃ +H �̃), (23)

where H = d ln a/d⌘ is the conformal expansion rate. Integrat-
ing the ISW e↵ect �ISW over some finite-size window on the sky,
we obtain, as in Eq. (15),

�s
ISW(✓) =

Z
d⌘ IISW(⌘)

Z
dk W̃⇥(k?r)eikkr+ik?·r✓

⇥ �̃ +H �̃
k2 , (24)

with

IISW(⌘) = 8⇡GN⇢̄0
e�⌧

a
· (25)

3.4. Kinematic SZ secondary anisotropy �kSZ

Thomson scattering of CMB photons o↵ moving free electrons
in the hot galactic or cluster gas generates secondary anisotropies
(Sunyaev & Zeldovich 1980; Gruzinov & Hu 1998; Knox et al.
1998). The temperature perturbation, �kSZ = �T/T , due to this
kinematic Sunyaev-Zeldovich (kSZ) e↵ect, is

�kSZ(✓) = �
Z

dl · ue�Tnee�⌧ =
Z

d⌘ IkSZ(⌘)n(✓) · pe, (26)

where ⌧ is again the optical depth, �T the Thomson cross sec-
tion, l the radial coordinate along the line of sight, ne the number
density of free electrons, ue their peculiar velocity, and n(✓) the
radial unit vector pointing to the line of sight. We also defined
the kSZ kernel by

IkSZ(⌘) = ��Tn̄eae�⌧, (27)

and the free electrons momentum pe as

neue = n̄e(1 + �e)ue = n̄e pe. (28)

Because of the projection n· pe along the line of sight, some care
must be taken when we smooth �kSZ(✓) over some finite-size an-
gular window W⇥(|✓0 � ✓|). Indeed, because the di↵erent lines of
sight ✓0 in the conical window are not perfectly parallel, if we
define the longitudinal and transverse momentum components
by the projection with respect to the mean line of sight n(✓) of
the circular window, for example, pek = n(✓) · pe, the projection
n(✓0) · pe receives contributions from both pek and pe?. In the
limit of small angles we could a priori neglect the contribution
associated with pe?, which is multiplied by an angular factor and
vanishes for a zero-size window. However, for small but finite
angles, we need to keep this contribution because fluctuations
along the lines of sight are damped by the radial integrations and
vanish in the Limber approximation, which damps the contribu-
tion associated with pek.

For small angles we write at linear order n(✓) = (✓x, ✓y, 1),
close to a reference direction ✓ = 0. Then, the integration over
the angular window gives for the smoothed kSZ e↵ect

�s
kSZ(✓) =

Z
d⌘ IkSZ(⌘)

Z
dk eik·nr


p̃ekW̃⇥(k?r)

�i
k? · p̃e?

k?
W̃ 0⇥(k?r)

�
. (29)

Here we expressed the result in terms of the longitudinal and
transverse components of the wave numbers and momenta with
respect to the mean line of sight n(✓) of the circular window W⇥.
Thus, whereas the radial unit vector is n(✓) = (✓x, ✓y, 1), we can
define the transverse unit vectors as n?x = (1, 0,�✓x) and n?y =
(0, 1,�✓y), and we write for instance k = k?xn?x + k?yn?y + kkn.
We denote W̃ 0⇥(`) = dW̃⇥/d`. The last term in Eq. (29) is due to
the finite size⇥ of the smoothing window, which makes the lines
of sight within the conical beam not strictly parallel. It vanishes
for an infinitesimal window, where W⇥(✓) = �D(✓) and W̃⇥ = 1,
W̃ 0⇥ = 0. We find in Sect. 5.1 that this contribution is typically
negligible in the regime where the consistency relations apply, as
the width of the small-scale windows is much smaller than the
angular size associated with the long mode.

3.5. Comparison with some other probes

As we explained above, in order to take advantage of the con-
sistency relations we use the ISW or kSZ e↵ects because they
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involve the time-derivative of the density field or the gas ve-
locity. The reader may then note that redshift-space distortions
(RSD) also involve velocities, but previous works that studied
the galaxy density field in redshift space (Creminelli et al. 2014;
Kehagias et al. 2014a) found that there is no equal-time e↵ect,
as in the real-space case. Indeed, in both real space and red-
shift space, the long mode only generates a uniform change of
coordinate (in the redshift-space case, this shift involves the ra-
dial velocity). Then, there is no e↵ect at equal times because
such uniform shifts do not produce distortions and observable
signatures. In contrast, in our case there is a nonzero equal-time
e↵ect because the e↵ect of the long mode cannot be absorbed
by a simple change of coordinates. Indeed, the kSZ e↵ect, asso-
ciated with the scattering of CMB photons by free electrons in
hot ionized gas (e.g., in X-ray clusters), actually probes the ve-
locity di↵erence between the rest-frame of the CMB and the hot
gas. Thus, the CMB last-scattering surface provides a reference
frame and the long mode generates a velocity di↵erence with
respect to that frame that cannot be described as a change of co-
ordinate. This explains why the kSZ e↵ect makes the long-mode
velocity shift observable, without conflicting with the equiva-
lence principle. There is also a nonzero e↵ect for the ISW case,
because the latter involves the time derivative of the density field,
so that an equal-time statistics actually probes di↵erent-times
properties of the density field (e.g., if we write the time deriva-
tive as an infinitesimal finite di↵erence).

If we cross-correlate real-space and redshift-space quantities,
there will also remain a nonzero e↵ect at equal times, because
the long mode generates di↵erent shifts for the real-space and
redshift-space fields. Thus, we can consider the e↵ect of a long
mode on small-scale correlations of the weak lensing conver-
gence  with redshift-space galaxy density contrasts �sg. How-
ever, weak lensing observables have broad kernels along the line
of sight, so that a small di↵erential shift along the radial direction
is suppressed. In contrast, in the kSZ case the e↵ect is directly
due to the change of velocity by the long mode, and not by the
indirect impact of the change of the radial redshift coordinate.

Another observable e↵ect of the long mode was pointed out
in Baldauf et al. (2015). These authors noticed that a long mode
of wave length 2⇡/k of the same order as the baryon acoustic
oscillation (BAO) scale, xBAO ⇠ 110h�1 Mpc, gives a di↵er-
ent shift to galaxies separated by this distance. This produces
a spread of the BAO peak, after we average over the long mode.
The reason why this e↵ect is observable is that the correlation
function shows a narrow peak at the BAO scale, with a width of
order �xBAO ⇠ 20h�1 Mpc. This narrow feature provides a probe
of the small displacement of galaxies by the long mode, which
would otherwise be negligible if the galaxy correlation were a
slow power law. As noticed above, the absence of such a narrow
feature suppresses the signal associated with cross-correlations
among weak-lensing (real-space) quantities and redshift-space
quantities, because of the radial broadening of the weak-lensing
probes.

This BAO probe is actually a second-order e↵ect, in the sense
of the consistency relations. Indeed, the usual consistency rela-
tions are obtained in the large-scale limit k ! 0, where the long
mode generates a uniform displacement of the small-scale struc-
tures. In contrast, the spread of the BAO peak relies on the di↵er-
ential displacement between galaxies separated by xBAO. In the
Taylor expansion of the displacement with respect to the posi-
tions of the small-scale structures, beyond the lowest-order con-
stant term one takes into account the linear term over x, which
scales as kx. This is why this e↵ect requires that k be finite and
not too small, of order k ⇠ 2⇡/xBAO.

4. Consistency relation for the ISW temperature
anisotropy

In this section we consider cross correlations with the ISW ef-
fect. This allows us to apply the consistency relation (9), which
involves the momentum divergence � and remains nonzero at
equal times.

4.1. Galaxy-galaxy-ISW correlation

To take advantage of the consistency relation (9), we must con-
sider three-point correlations ⇠3 (in configuration space) with
one observable that involves the momentum divergence �. Here,
using the expression (24), we study the cross-correlation be-
tween two galaxy density contrasts and one ISW temperature
anisotropy,
⇠3(�sg, �

s
g1
,�s

ISW2
) = h�sg(✓) �sg1

(✓1)�s
ISW2

(✓2)i. (30)
The subscripts g, g1, and ISW2 denote the three lines of sight
associated with the three probes. Moreover, the subscripts g and
g1 recall that the two galaxy populations associated with �sg and
�sg1

can be di↵erent and have di↵erent bias. As we recalled in
Sect. 2, the consistency relations rely on the undistorted motion
of small-scale structures by large-scale modes. This corresponds
to the squeezed limit k ! 0 in the Fourier-space Eqs. (1) and (8),
which writes more precisely as
k ⌧ kL, k ⌧ k j, (31)
where kL is the wavenumber associated with the transition be-
tween the linear and nonlinear regimes. The first condition en-
sures that �̃(k) is in the linear regime, while the second condi-
tion ensures the hierarchy between the large-scale mode and the
small-scale modes. In configuration space, these conditions cor-
respond to
⇥ � ⇥L, ⇥ � ⇥ j, |✓ � ✓ j| � |✓1 � ✓2|. (32)
The first condition ensures that �sg(✓) is in the linear regime,
whereas the next two conditions ensure the hierarchy of scales.

The expressions (15) and (24) give

⇠3=

Z
d⌘d⌘1d⌘2 Ig(⌘)Ig1 (⌘1)IISW2 (⌘2)

⇥
Z

dkdk1dk2 W̃⇥(k?r)W̃⇥1 (k1?r1)W̃⇥2 (k2?r2)

⇥ ei(kkr+k1kr1+k2kr2+k?·r✓+k1?·r1✓1+k2?·r2✓2)

⇥
*
�̃g(k, ⌘)�̃g1 (k1, ⌘1)

�̃(k2, ⌘2) +H2�̃(k2, ⌘2)
k2

2

+
· (33)

The configuration-space conditions (32) ensure that we satisfy
the Fourier-space conditions (31) and that we can apply the con-
sistency relations (2) and (9). This gives

⇠3 = �
Z

d⌘d⌘1d⌘2 bg(⌘)Ig(⌘)Ig1 (⌘1)IISW2 (⌘2)

⇥
Z

dkdk1dk2 W̃⇥(k?r)W̃⇥1 (k1?r1)W̃⇥2 (k2?r2)

⇥ ei(kkr+k1kr1+k2kr2+k?·r✓+k1?·r1✓1+k2?·r2✓2)

⇥ PL(k, ⌘)
k1 · k

k2 �D(k + k1 + k2)

⇥
 *
�̃g1

�̃2 +H2�̃2
k2

2

+0 D(⌘1) � D(⌘2)
D(⌘)

+

*
�̃g1

�̃2
k2

2

+0 1
D(⌘)

dD
d⌘

(⌘2)
!
. (34)
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involve the time-derivative of the density field or the gas ve-
locity. The reader may then note that redshift-space distortions
(RSD) also involve velocities, but previous works that studied
the galaxy density field in redshift space (Creminelli et al. 2014;
Kehagias et al. 2014a) found that there is no equal-time e↵ect,
as in the real-space case. Indeed, in both real space and red-
shift space, the long mode only generates a uniform change of
coordinate (in the redshift-space case, this shift involves the ra-
dial velocity). Then, there is no e↵ect at equal times because
such uniform shifts do not produce distortions and observable
signatures. In contrast, in our case there is a nonzero equal-time
e↵ect because the e↵ect of the long mode cannot be absorbed
by a simple change of coordinates. Indeed, the kSZ e↵ect, asso-
ciated with the scattering of CMB photons by free electrons in
hot ionized gas (e.g., in X-ray clusters), actually probes the ve-
locity di↵erence between the rest-frame of the CMB and the hot
gas. Thus, the CMB last-scattering surface provides a reference
frame and the long mode generates a velocity di↵erence with
respect to that frame that cannot be described as a change of co-
ordinate. This explains why the kSZ e↵ect makes the long-mode
velocity shift observable, without conflicting with the equiva-
lence principle. There is also a nonzero e↵ect for the ISW case,
because the latter involves the time derivative of the density field,
so that an equal-time statistics actually probes di↵erent-times
properties of the density field (e.g., if we write the time deriva-
tive as an infinitesimal finite di↵erence).

If we cross-correlate real-space and redshift-space quantities,
there will also remain a nonzero e↵ect at equal times, because
the long mode generates di↵erent shifts for the real-space and
redshift-space fields. Thus, we can consider the e↵ect of a long
mode on small-scale correlations of the weak lensing conver-
gence  with redshift-space galaxy density contrasts �sg. How-
ever, weak lensing observables have broad kernels along the line
of sight, so that a small di↵erential shift along the radial direction
is suppressed. In contrast, in the kSZ case the e↵ect is directly
due to the change of velocity by the long mode, and not by the
indirect impact of the change of the radial redshift coordinate.

Another observable e↵ect of the long mode was pointed out
in Baldauf et al. (2015). These authors noticed that a long mode
of wave length 2⇡/k of the same order as the baryon acoustic
oscillation (BAO) scale, xBAO ⇠ 110h�1 Mpc, gives a di↵er-
ent shift to galaxies separated by this distance. This produces
a spread of the BAO peak, after we average over the long mode.
The reason why this e↵ect is observable is that the correlation
function shows a narrow peak at the BAO scale, with a width of
order �xBAO ⇠ 20h�1 Mpc. This narrow feature provides a probe
of the small displacement of galaxies by the long mode, which
would otherwise be negligible if the galaxy correlation were a
slow power law. As noticed above, the absence of such a narrow
feature suppresses the signal associated with cross-correlations
among weak-lensing (real-space) quantities and redshift-space
quantities, because of the radial broadening of the weak-lensing
probes.

This BAO probe is actually a second-order e↵ect, in the sense
of the consistency relations. Indeed, the usual consistency rela-
tions are obtained in the large-scale limit k ! 0, where the long
mode generates a uniform displacement of the small-scale struc-
tures. In contrast, the spread of the BAO peak relies on the di↵er-
ential displacement between galaxies separated by xBAO. In the
Taylor expansion of the displacement with respect to the posi-
tions of the small-scale structures, beyond the lowest-order con-
stant term one takes into account the linear term over x, which
scales as kx. This is why this e↵ect requires that k be finite and
not too small, of order k ⇠ 2⇡/xBAO.

4. Consistency relation for the ISW temperature
anisotropy

In this section we consider cross correlations with the ISW ef-
fect. This allows us to apply the consistency relation (9), which
involves the momentum divergence � and remains nonzero at
equal times.

4.1. Galaxy-galaxy-ISW correlation

To take advantage of the consistency relation (9), we must con-
sider three-point correlations ⇠3 (in configuration space) with
one observable that involves the momentum divergence �. Here,
using the expression (24), we study the cross-correlation be-
tween two galaxy density contrasts and one ISW temperature
anisotropy,
⇠3(�sg, �

s
g1
,�s

ISW2
) = h�sg(✓) �sg1

(✓1)�s
ISW2

(✓2)i. (30)
The subscripts g, g1, and ISW2 denote the three lines of sight
associated with the three probes. Moreover, the subscripts g and
g1 recall that the two galaxy populations associated with �sg and
�sg1

can be di↵erent and have di↵erent bias. As we recalled in
Sect. 2, the consistency relations rely on the undistorted motion
of small-scale structures by large-scale modes. This corresponds
to the squeezed limit k ! 0 in the Fourier-space Eqs. (1) and (8),
which writes more precisely as
k ⌧ kL, k ⌧ k j, (31)
where kL is the wavenumber associated with the transition be-
tween the linear and nonlinear regimes. The first condition en-
sures that �̃(k) is in the linear regime, while the second condi-
tion ensures the hierarchy between the large-scale mode and the
small-scale modes. In configuration space, these conditions cor-
respond to
⇥ � ⇥L, ⇥ � ⇥ j, |✓ � ✓ j| � |✓1 � ✓2|. (32)
The first condition ensures that �sg(✓) is in the linear regime,
whereas the next two conditions ensure the hierarchy of scales.

The expressions (15) and (24) give

⇠3=

Z
d⌘d⌘1d⌘2 Ig(⌘)Ig1 (⌘1)IISW2 (⌘2)

⇥
Z

dkdk1dk2 W̃⇥(k?r)W̃⇥1 (k1?r1)W̃⇥2 (k2?r2)

⇥ ei(kkr+k1kr1+k2kr2+k?·r✓+k1?·r1✓1+k2?·r2✓2)

⇥
*
�̃g(k, ⌘)�̃g1 (k1, ⌘1)

�̃(k2, ⌘2) +H2�̃(k2, ⌘2)
k2

2

+
· (33)

The configuration-space conditions (32) ensure that we satisfy
the Fourier-space conditions (31) and that we can apply the con-
sistency relations (2) and (9). This gives

⇠3 = �
Z

d⌘d⌘1d⌘2 bg(⌘)Ig(⌘)Ig1 (⌘1)IISW2 (⌘2)

⇥
Z

dkdk1dk2 W̃⇥(k?r)W̃⇥1 (k1?r1)W̃⇥2 (k2?r2)

⇥ ei(kkr+k1kr1+k2kr2+k?·r✓+k1?·r1✓1+k2?·r2✓2)

⇥ PL(k, ⌘)
k1 · k

k2 �D(k + k1 + k2)

⇥
 *
�̃g1

�̃2 +H2�̃2
k2

2

+0 D(⌘1) � D(⌘2)
D(⌘)

+

*
�̃g1

�̃2
k2

2

+0 1
D(⌘)

dD
d⌘

(⌘2)
!
. (34)

A128, page 5 of 10

L. A. Rizzo et al.: Consistency relations for the ISW and kSZ e↵ects

involve the time-derivative of the density field or the gas ve-
locity. The reader may then note that redshift-space distortions
(RSD) also involve velocities, but previous works that studied
the galaxy density field in redshift space (Creminelli et al. 2014;
Kehagias et al. 2014a) found that there is no equal-time e↵ect,
as in the real-space case. Indeed, in both real space and red-
shift space, the long mode only generates a uniform change of
coordinate (in the redshift-space case, this shift involves the ra-
dial velocity). Then, there is no e↵ect at equal times because
such uniform shifts do not produce distortions and observable
signatures. In contrast, in our case there is a nonzero equal-time
e↵ect because the e↵ect of the long mode cannot be absorbed
by a simple change of coordinates. Indeed, the kSZ e↵ect, asso-
ciated with the scattering of CMB photons by free electrons in
hot ionized gas (e.g., in X-ray clusters), actually probes the ve-
locity di↵erence between the rest-frame of the CMB and the hot
gas. Thus, the CMB last-scattering surface provides a reference
frame and the long mode generates a velocity di↵erence with
respect to that frame that cannot be described as a change of co-
ordinate. This explains why the kSZ e↵ect makes the long-mode
velocity shift observable, without conflicting with the equiva-
lence principle. There is also a nonzero e↵ect for the ISW case,
because the latter involves the time derivative of the density field,
so that an equal-time statistics actually probes di↵erent-times
properties of the density field (e.g., if we write the time deriva-
tive as an infinitesimal finite di↵erence).

If we cross-correlate real-space and redshift-space quantities,
there will also remain a nonzero e↵ect at equal times, because
the long mode generates di↵erent shifts for the real-space and
redshift-space fields. Thus, we can consider the e↵ect of a long
mode on small-scale correlations of the weak lensing conver-
gence  with redshift-space galaxy density contrasts �sg. How-
ever, weak lensing observables have broad kernels along the line
of sight, so that a small di↵erential shift along the radial direction
is suppressed. In contrast, in the kSZ case the e↵ect is directly
due to the change of velocity by the long mode, and not by the
indirect impact of the change of the radial redshift coordinate.

Another observable e↵ect of the long mode was pointed out
in Baldauf et al. (2015). These authors noticed that a long mode
of wave length 2⇡/k of the same order as the baryon acoustic
oscillation (BAO) scale, xBAO ⇠ 110h�1 Mpc, gives a di↵er-
ent shift to galaxies separated by this distance. This produces
a spread of the BAO peak, after we average over the long mode.
The reason why this e↵ect is observable is that the correlation
function shows a narrow peak at the BAO scale, with a width of
order �xBAO ⇠ 20h�1 Mpc. This narrow feature provides a probe
of the small displacement of galaxies by the long mode, which
would otherwise be negligible if the galaxy correlation were a
slow power law. As noticed above, the absence of such a narrow
feature suppresses the signal associated with cross-correlations
among weak-lensing (real-space) quantities and redshift-space
quantities, because of the radial broadening of the weak-lensing
probes.

This BAO probe is actually a second-order e↵ect, in the sense
of the consistency relations. Indeed, the usual consistency rela-
tions are obtained in the large-scale limit k ! 0, where the long
mode generates a uniform displacement of the small-scale struc-
tures. In contrast, the spread of the BAO peak relies on the di↵er-
ential displacement between galaxies separated by xBAO. In the
Taylor expansion of the displacement with respect to the posi-
tions of the small-scale structures, beyond the lowest-order con-
stant term one takes into account the linear term over x, which
scales as kx. This is why this e↵ect requires that k be finite and
not too small, of order k ⇠ 2⇡/xBAO.

4. Consistency relation for the ISW temperature
anisotropy

In this section we consider cross correlations with the ISW ef-
fect. This allows us to apply the consistency relation (9), which
involves the momentum divergence � and remains nonzero at
equal times.

4.1. Galaxy-galaxy-ISW correlation

To take advantage of the consistency relation (9), we must con-
sider three-point correlations ⇠3 (in configuration space) with
one observable that involves the momentum divergence �. Here,
using the expression (24), we study the cross-correlation be-
tween two galaxy density contrasts and one ISW temperature
anisotropy,
⇠3(�sg, �

s
g1
,�s

ISW2
) = h�sg(✓) �sg1

(✓1)�s
ISW2

(✓2)i. (30)
The subscripts g, g1, and ISW2 denote the three lines of sight
associated with the three probes. Moreover, the subscripts g and
g1 recall that the two galaxy populations associated with �sg and
�sg1

can be di↵erent and have di↵erent bias. As we recalled in
Sect. 2, the consistency relations rely on the undistorted motion
of small-scale structures by large-scale modes. This corresponds
to the squeezed limit k ! 0 in the Fourier-space Eqs. (1) and (8),
which writes more precisely as
k ⌧ kL, k ⌧ k j, (31)
where kL is the wavenumber associated with the transition be-
tween the linear and nonlinear regimes. The first condition en-
sures that �̃(k) is in the linear regime, while the second condi-
tion ensures the hierarchy between the large-scale mode and the
small-scale modes. In configuration space, these conditions cor-
respond to
⇥ � ⇥L, ⇥ � ⇥ j, |✓ � ✓ j| � |✓1 � ✓2|. (32)
The first condition ensures that �sg(✓) is in the linear regime,
whereas the next two conditions ensure the hierarchy of scales.

The expressions (15) and (24) give

⇠3=

Z
d⌘d⌘1d⌘2 Ig(⌘)Ig1 (⌘1)IISW2 (⌘2)

⇥
Z

dkdk1dk2 W̃⇥(k?r)W̃⇥1 (k1?r1)W̃⇥2 (k2?r2)

⇥ ei(kkr+k1kr1+k2kr2+k?·r✓+k1?·r1✓1+k2?·r2✓2)
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*
�̃g(k, ⌘)�̃g1 (k1, ⌘1)

�̃(k2, ⌘2) +H2�̃(k2, ⌘2)
k2

2

+
· (33)

The configuration-space conditions (32) ensure that we satisfy
the Fourier-space conditions (31) and that we can apply the con-
sistency relations (2) and (9). This gives

⇠3 = �
Z
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Here we assumed that on large scales the galaxy bias is linear,

k ! 0: �̃g(k) = bg(⌘)�̃(k) + ✏̃(k), (35)

where ✏̃ is a stochastic component that represents shot noise and
the e↵ect of small-scale (e.g., baryonic) physics on galaxy for-
mation. From the decomposition (35), it is uncorrelated with the
large-scale density field (Hamaus et al. 2010), h�̃(k)✏̃(k)i = 0.
Then, in Eq. (34) we neglected the term h✏̃�̃g1 (�̃2 + H2�̃2)i. In-
deed, the small-scale local processes within the region ✓ should
be very weakly correlated with the density fields in the dis-
tant regions ✓1 and ✓2, which at leading order are only sensi-
tive to the total mass within the large-scale region ✓. Therefore,
h✏̃�̃g1 (�̃2 +H2�̃2)i should exhibit a fast decay at low k, whereas
the term in Eq. (34) associated with the consistency relation only
decays as PL(k)/k ⇠ kns�1 with ns ' 0.96. In Eq. (34), we also
assumed that the galaxy bias bg goes to a constant at large scales,
which is usually the case, but we could take into account a scale
dependence [by keeping the factor bg(k, ⌘) in the integral over k].

The small-scale two-point correlations h1 · 2i0 are dominated
by contributions at almost equal times, ⌘1 ' ⌘2, as di↵erent red-
shifts would correspond to points that are separated by several
Hubble radii along the lines of sight and density correlations are
negligible beyond Hubble scales. Therefore, ⇠3 is dominated by
the second term that does not vanish at equal times. The integrals
along the lines of sight suppress the contributions from longitu-
dinal wavelengths below the Hubble radius c/H, while the angu-
lar windows only suppress the wavelengths below the transverse
radii c⇥/H. Then, for small angular windows, ⇥ ⌧ 1, we can
use Limber’s approximation, kk ⌧ k? hence k ' k?. Integrating
over kk through the Dirac factor �D(kk + k1k + k2k), and next over
k1k and k2k, we obtain the Dirac factors (2⇡)2�D(r1 � r)�D(r2 � r).
This allows us to integrate over ⌘1 and ⌘2 and we obtain

⇠3 = �(2⇡)2
Z

d⌘ bg(⌘)Ig(⌘)Ig1 (⌘)IISW2 (⌘)
d ln D

d⌘

⇥
Z

dk?dk1?dk2?�D(k? + k1? + k2?)W̃⇥(k?r)

⇥ W̃⇥1 (k1?r)W̃⇥2 (k2?r)eir(k?·✓+k1?·✓1+k2?·✓2)

⇥ PL(k?, ⌘)
k1? · k?
k2?k2

2?
Pg1,m(k1?, ⌘), (36)

where Pg1,m is the galaxy-matter power spectrum. The integra-
tion over k2? gives

⇠3=�(2⇡)2
Z

d⌘ bgIgIg1 IISW2

d ln D
d⌘

Z
dk?dk1?W̃⇥(k?r)

⇥ W̃⇥1 (k1?r)W̃⇥2 (k1?r)PL(k?, ⌘)Pg1,m(k1?, ⌘)

⇥ eir[k?·(✓�✓2)+k1?·(✓1�✓2)] k1? · k?
k2

1?k2?
, (37)

and the integration over the angles of k? and k1? gives

⇠3 =
(✓ � ✓2) · (✓1 � ✓2)
|✓ � ✓2||✓1 � ✓2| (2⇡)4

Z
d⌘ bgIgIg1 IISW2

d ln D
d⌘

⇥
Z 1

0
dk?dk1? W̃⇥(k?r)W̃⇥1 (k1?r)W̃⇥2 (k1?r)

⇥ PL(k?, ⌘)Pg1,m(k1?, ⌘)J1(k?r|✓ � ✓2|)
⇥ J1(k1?r|✓1 � ✓2|), (38)

where J1 is the first-order Bessel function of the first kind.

As the expression (38) arises from the kinematic consistency
relations, it expresses the response of the small-scale two-point
correlation h�sg1

(✓1)�s
ISW2

(✓2)i to a change of the initial condition
associated with the large-scale mode �sg(✓). The kinematic e↵ect
given at the leading order by Eq. (38) is due to the uniform mo-
tion of the small-scale structures by the large-scale mode. This
explains why the result (38) vanishes in the two following cases:

1. (✓ � ✓2) ? (✓1 � ✓2). There is a nonzero response of h�1�2i
if there is a linear dependence on �(✓) of h�1�2i, so that its
first derivative is nonzero. A positive (negative) �(✓) leads to
a uniform motion at ✓2 towards (away from) ✓, along the di-
rection (✓ � ✓2). From the point of view of ✓1 and ✓2, there
is a reflection symmetry with respect to the axis (✓1 � ✓2).
For instance, if �1 > 0 the density contrast at a position ✓3
typically decreases in the mean with the radius |✓3 � ✓1|, and
for �✓2 ? (✓1 � ✓2) the points ✓±3 = ✓2 ± �✓2 are at the same
distance from ✓1 and have the same density contrast �3 in the
mean, with typically �3 < �2 as |✓±3 � ✓1| > |✓2 � ✓1|. There-
fore, the large-scale flow along (✓ � ✓2) leads to a positive
�2 = ���2/�⌘2 independently of whether the matter moves
towards or away from ✓ (here we took a finite deviation �✓2).
This means that the dependence of h�1�2i on �(✓) is quadratic
(it does not depend on the sign of �(✓)) and the first-order re-
sponse function vanishes. Then, the leading-order contribu-
tion to ⇠3 vanishes. (For infinitesimal deviation �✓2 we have
�2 = �@�2/@⌘2 = 0; by this symmetry, in the mean �2 is an
extremum of the density contrast along the orthogonal direc-
tion to (✓1 � ✓2).)

2. ✓1 = ✓2. This is a particular case of the previous configura-
tion. Again, by symmetry from the viewpoint of �1, the two
points �(✓2+�✓2) and �(✓2��✓2) are equivalent and the mean
response associated with the kinematic e↵ect vanishes.

This also explains why Eq. (38) changes sign with (✓1 � ✓2)
and (✓ � ✓2). Let us consider for simplicity the case where the
three points are aligned and �(✓) > 0, so that the large-scale flow
points towards ✓. We also take �1 > 0, so that in the mean the
density is peaked at ✓1 and decreases outwards. Let us take ✓2
close to ✓1, on the decreasing radial slope, and on the other side
of ✓1 than ✓. Then, the large-scale flow moves matter at ✓2 to-
wards ✓1, so that the density at ✓2 at a slightly later time comes
from more outward regions (with respect to the peak at ✓1) with
a lower density. This means that �2 = �@�2/@⌘2 is positive so
that ⇠3 > 0. This agrees with Eq. (38), as (✓ � ✓2) · (✓1 � ✓2) > 0
in this geometry, and we assume the integrals over wavenum-
bers are dominated by the peaks of J1 > 0. If we flip ✓2 to the
other side of ✓1, we find on the contrary that the large-scale flow
brings higher-density regions to ✓2, so that we have the change
of signs �2 < 0 and ⇠3 < 0. The same arguments explain the
change of sign with (✓ � ✓2). In fact, it is the relative direction
between (✓ � ✓2) and (✓1 � ✓2) that matters, measured by the
scalar product (✓ � ✓2)·(✓1 � ✓2). This geometrical dependence of
the leading-order contribution to ⇠3 could provide a simple test
of the consistency relation, without even computing the explicit
expression in the right-hand side of Eq. (38).

4.2. Three-point correlation in terms of a two-point

correlation

The three-point correlation ⇠3 in Eq. (38) cannot be written as a
product of two-point correlations because there is only one in-
tegral along the line of sight that is left. However, if the linear
power spectrum PL(k, z) is already known, we may write ⇠3 in
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Here we assumed that on large scales the galaxy bias is linear,

k ! 0: �̃g(k) = bg(⌘)�̃(k) + ✏̃(k), (35)

where ✏̃ is a stochastic component that represents shot noise and
the e↵ect of small-scale (e.g., baryonic) physics on galaxy for-
mation. From the decomposition (35), it is uncorrelated with the
large-scale density field (Hamaus et al. 2010), h�̃(k)✏̃(k)i = 0.
Then, in Eq. (34) we neglected the term h✏̃�̃g1 (�̃2 + H2�̃2)i. In-
deed, the small-scale local processes within the region ✓ should
be very weakly correlated with the density fields in the dis-
tant regions ✓1 and ✓2, which at leading order are only sensi-
tive to the total mass within the large-scale region ✓. Therefore,
h✏̃�̃g1 (�̃2 +H2�̃2)i should exhibit a fast decay at low k, whereas
the term in Eq. (34) associated with the consistency relation only
decays as PL(k)/k ⇠ kns�1 with ns ' 0.96. In Eq. (34), we also
assumed that the galaxy bias bg goes to a constant at large scales,
which is usually the case, but we could take into account a scale
dependence [by keeping the factor bg(k, ⌘) in the integral over k].

The small-scale two-point correlations h1 · 2i0 are dominated
by contributions at almost equal times, ⌘1 ' ⌘2, as di↵erent red-
shifts would correspond to points that are separated by several
Hubble radii along the lines of sight and density correlations are
negligible beyond Hubble scales. Therefore, ⇠3 is dominated by
the second term that does not vanish at equal times. The integrals
along the lines of sight suppress the contributions from longitu-
dinal wavelengths below the Hubble radius c/H, while the angu-
lar windows only suppress the wavelengths below the transverse
radii c⇥/H. Then, for small angular windows, ⇥ ⌧ 1, we can
use Limber’s approximation, kk ⌧ k? hence k ' k?. Integrating
over kk through the Dirac factor �D(kk + k1k + k2k), and next over
k1k and k2k, we obtain the Dirac factors (2⇡)2�D(r1 � r)�D(r2 � r).
This allows us to integrate over ⌘1 and ⌘2 and we obtain

⇠3 = �(2⇡)2
Z

d⌘ bg(⌘)Ig(⌘)Ig1 (⌘)IISW2 (⌘)
d ln D

d⌘

⇥
Z

dk?dk1?dk2?�D(k? + k1? + k2?)W̃⇥(k?r)

⇥ W̃⇥1 (k1?r)W̃⇥2 (k2?r)eir(k?·✓+k1?·✓1+k2?·✓2)

⇥ PL(k?, ⌘)
k1? · k?
k2?k2

2?
Pg1,m(k1?, ⌘), (36)

where Pg1,m is the galaxy-matter power spectrum. The integra-
tion over k2? gives

⇠3=�(2⇡)2
Z

d⌘ bgIgIg1 IISW2

d ln D
d⌘

Z
dk?dk1?W̃⇥(k?r)

⇥ W̃⇥1 (k1?r)W̃⇥2 (k1?r)PL(k?, ⌘)Pg1,m(k1?, ⌘)

⇥ eir[k?·(✓�✓2)+k1?·(✓1�✓2)] k1? · k?
k2

1?k2?
, (37)

and the integration over the angles of k? and k1? gives

⇠3 =
(✓ � ✓2) · (✓1 � ✓2)
|✓ � ✓2||✓1 � ✓2| (2⇡)4

Z
d⌘ bgIgIg1 IISW2

d ln D
d⌘

⇥
Z 1

0
dk?dk1? W̃⇥(k?r)W̃⇥1 (k1?r)W̃⇥2 (k1?r)

⇥ PL(k?, ⌘)Pg1,m(k1?, ⌘)J1(k?r|✓ � ✓2|)
⇥ J1(k1?r|✓1 � ✓2|), (38)

where J1 is the first-order Bessel function of the first kind.

As the expression (38) arises from the kinematic consistency
relations, it expresses the response of the small-scale two-point
correlation h�sg1

(✓1)�s
ISW2

(✓2)i to a change of the initial condition
associated with the large-scale mode �sg(✓). The kinematic e↵ect
given at the leading order by Eq. (38) is due to the uniform mo-
tion of the small-scale structures by the large-scale mode. This
explains why the result (38) vanishes in the two following cases:

1. (✓ � ✓2) ? (✓1 � ✓2). There is a nonzero response of h�1�2i
if there is a linear dependence on �(✓) of h�1�2i, so that its
first derivative is nonzero. A positive (negative) �(✓) leads to
a uniform motion at ✓2 towards (away from) ✓, along the di-
rection (✓ � ✓2). From the point of view of ✓1 and ✓2, there
is a reflection symmetry with respect to the axis (✓1 � ✓2).
For instance, if �1 > 0 the density contrast at a position ✓3
typically decreases in the mean with the radius |✓3 � ✓1|, and
for �✓2 ? (✓1 � ✓2) the points ✓±3 = ✓2 ± �✓2 are at the same
distance from ✓1 and have the same density contrast �3 in the
mean, with typically �3 < �2 as |✓±3 � ✓1| > |✓2 � ✓1|. There-
fore, the large-scale flow along (✓ � ✓2) leads to a positive
�2 = ���2/�⌘2 independently of whether the matter moves
towards or away from ✓ (here we took a finite deviation �✓2).
This means that the dependence of h�1�2i on �(✓) is quadratic
(it does not depend on the sign of �(✓)) and the first-order re-
sponse function vanishes. Then, the leading-order contribu-
tion to ⇠3 vanishes. (For infinitesimal deviation �✓2 we have
�2 = �@�2/@⌘2 = 0; by this symmetry, in the mean �2 is an
extremum of the density contrast along the orthogonal direc-
tion to (✓1 � ✓2).)

2. ✓1 = ✓2. This is a particular case of the previous configura-
tion. Again, by symmetry from the viewpoint of �1, the two
points �(✓2+�✓2) and �(✓2��✓2) are equivalent and the mean
response associated with the kinematic e↵ect vanishes.

This also explains why Eq. (38) changes sign with (✓1 � ✓2)
and (✓ � ✓2). Let us consider for simplicity the case where the
three points are aligned and �(✓) > 0, so that the large-scale flow
points towards ✓. We also take �1 > 0, so that in the mean the
density is peaked at ✓1 and decreases outwards. Let us take ✓2
close to ✓1, on the decreasing radial slope, and on the other side
of ✓1 than ✓. Then, the large-scale flow moves matter at ✓2 to-
wards ✓1, so that the density at ✓2 at a slightly later time comes
from more outward regions (with respect to the peak at ✓1) with
a lower density. This means that �2 = �@�2/@⌘2 is positive so
that ⇠3 > 0. This agrees with Eq. (38), as (✓ � ✓2) · (✓1 � ✓2) > 0
in this geometry, and we assume the integrals over wavenum-
bers are dominated by the peaks of J1 > 0. If we flip ✓2 to the
other side of ✓1, we find on the contrary that the large-scale flow
brings higher-density regions to ✓2, so that we have the change
of signs �2 < 0 and ⇠3 < 0. The same arguments explain the
change of sign with (✓ � ✓2). In fact, it is the relative direction
between (✓ � ✓2) and (✓1 � ✓2) that matters, measured by the
scalar product (✓ � ✓2)·(✓1 � ✓2). This geometrical dependence of
the leading-order contribution to ⇠3 could provide a simple test
of the consistency relation, without even computing the explicit
expression in the right-hand side of Eq. (38).

4.2. Three-point correlation in terms of a two-point

correlation

The three-point correlation ⇠3 in Eq. (38) cannot be written as a
product of two-point correlations because there is only one in-
tegral along the line of sight that is left. However, if the linear
power spectrum PL(k, z) is already known, we may write ⇠3 in
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Here we assumed that on large scales the galaxy bias is linear,

k ! 0: �̃g(k) = bg(⌘)�̃(k) + ✏̃(k), (35)

where ✏̃ is a stochastic component that represents shot noise and
the e↵ect of small-scale (e.g., baryonic) physics on galaxy for-
mation. From the decomposition (35), it is uncorrelated with the
large-scale density field (Hamaus et al. 2010), h�̃(k)✏̃(k)i = 0.
Then, in Eq. (34) we neglected the term h✏̃�̃g1 (�̃2 + H2�̃2)i. In-
deed, the small-scale local processes within the region ✓ should
be very weakly correlated with the density fields in the dis-
tant regions ✓1 and ✓2, which at leading order are only sensi-
tive to the total mass within the large-scale region ✓. Therefore,
h✏̃�̃g1 (�̃2 +H2�̃2)i should exhibit a fast decay at low k, whereas
the term in Eq. (34) associated with the consistency relation only
decays as PL(k)/k ⇠ kns�1 with ns ' 0.96. In Eq. (34), we also
assumed that the galaxy bias bg goes to a constant at large scales,
which is usually the case, but we could take into account a scale
dependence [by keeping the factor bg(k, ⌘) in the integral over k].

The small-scale two-point correlations h1 · 2i0 are dominated
by contributions at almost equal times, ⌘1 ' ⌘2, as di↵erent red-
shifts would correspond to points that are separated by several
Hubble radii along the lines of sight and density correlations are
negligible beyond Hubble scales. Therefore, ⇠3 is dominated by
the second term that does not vanish at equal times. The integrals
along the lines of sight suppress the contributions from longitu-
dinal wavelengths below the Hubble radius c/H, while the angu-
lar windows only suppress the wavelengths below the transverse
radii c⇥/H. Then, for small angular windows, ⇥ ⌧ 1, we can
use Limber’s approximation, kk ⌧ k? hence k ' k?. Integrating
over kk through the Dirac factor �D(kk + k1k + k2k), and next over
k1k and k2k, we obtain the Dirac factors (2⇡)2�D(r1 � r)�D(r2 � r).
This allows us to integrate over ⌘1 and ⌘2 and we obtain

⇠3 = �(2⇡)2
Z

d⌘ bg(⌘)Ig(⌘)Ig1 (⌘)IISW2 (⌘)
d ln D

d⌘

⇥
Z

dk?dk1?dk2?�D(k? + k1? + k2?)W̃⇥(k?r)

⇥ W̃⇥1 (k1?r)W̃⇥2 (k2?r)eir(k?·✓+k1?·✓1+k2?·✓2)

⇥ PL(k?, ⌘)
k1? · k?
k2?k2

2?
Pg1,m(k1?, ⌘), (36)

where Pg1,m is the galaxy-matter power spectrum. The integra-
tion over k2? gives

⇠3=�(2⇡)2
Z

d⌘ bgIgIg1 IISW2

d ln D
d⌘

Z
dk?dk1?W̃⇥(k?r)

⇥ W̃⇥1 (k1?r)W̃⇥2 (k1?r)PL(k?, ⌘)Pg1,m(k1?, ⌘)

⇥ eir[k?·(✓�✓2)+k1?·(✓1�✓2)] k1? · k?
k2

1?k2?
, (37)

and the integration over the angles of k? and k1? gives

⇠3 =
(✓ � ✓2) · (✓1 � ✓2)
|✓ � ✓2||✓1 � ✓2| (2⇡)4

Z
d⌘ bgIgIg1 IISW2

d ln D
d⌘

⇥
Z 1

0
dk?dk1? W̃⇥(k?r)W̃⇥1 (k1?r)W̃⇥2 (k1?r)

⇥ PL(k?, ⌘)Pg1,m(k1?, ⌘)J1(k?r|✓ � ✓2|)
⇥ J1(k1?r|✓1 � ✓2|), (38)

where J1 is the first-order Bessel function of the first kind.

As the expression (38) arises from the kinematic consistency
relations, it expresses the response of the small-scale two-point
correlation h�sg1

(✓1)�s
ISW2

(✓2)i to a change of the initial condition
associated with the large-scale mode �sg(✓). The kinematic e↵ect
given at the leading order by Eq. (38) is due to the uniform mo-
tion of the small-scale structures by the large-scale mode. This
explains why the result (38) vanishes in the two following cases:

1. (✓ � ✓2) ? (✓1 � ✓2). There is a nonzero response of h�1�2i
if there is a linear dependence on �(✓) of h�1�2i, so that its
first derivative is nonzero. A positive (negative) �(✓) leads to
a uniform motion at ✓2 towards (away from) ✓, along the di-
rection (✓ � ✓2). From the point of view of ✓1 and ✓2, there
is a reflection symmetry with respect to the axis (✓1 � ✓2).
For instance, if �1 > 0 the density contrast at a position ✓3
typically decreases in the mean with the radius |✓3 � ✓1|, and
for �✓2 ? (✓1 � ✓2) the points ✓±3 = ✓2 ± �✓2 are at the same
distance from ✓1 and have the same density contrast �3 in the
mean, with typically �3 < �2 as |✓±3 � ✓1| > |✓2 � ✓1|. There-
fore, the large-scale flow along (✓ � ✓2) leads to a positive
�2 = ���2/�⌘2 independently of whether the matter moves
towards or away from ✓ (here we took a finite deviation �✓2).
This means that the dependence of h�1�2i on �(✓) is quadratic
(it does not depend on the sign of �(✓)) and the first-order re-
sponse function vanishes. Then, the leading-order contribu-
tion to ⇠3 vanishes. (For infinitesimal deviation �✓2 we have
�2 = �@�2/@⌘2 = 0; by this symmetry, in the mean �2 is an
extremum of the density contrast along the orthogonal direc-
tion to (✓1 � ✓2).)

2. ✓1 = ✓2. This is a particular case of the previous configura-
tion. Again, by symmetry from the viewpoint of �1, the two
points �(✓2+�✓2) and �(✓2��✓2) are equivalent and the mean
response associated with the kinematic e↵ect vanishes.

This also explains why Eq. (38) changes sign with (✓1 � ✓2)
and (✓ � ✓2). Let us consider for simplicity the case where the
three points are aligned and �(✓) > 0, so that the large-scale flow
points towards ✓. We also take �1 > 0, so that in the mean the
density is peaked at ✓1 and decreases outwards. Let us take ✓2
close to ✓1, on the decreasing radial slope, and on the other side
of ✓1 than ✓. Then, the large-scale flow moves matter at ✓2 to-
wards ✓1, so that the density at ✓2 at a slightly later time comes
from more outward regions (with respect to the peak at ✓1) with
a lower density. This means that �2 = �@�2/@⌘2 is positive so
that ⇠3 > 0. This agrees with Eq. (38), as (✓ � ✓2) · (✓1 � ✓2) > 0
in this geometry, and we assume the integrals over wavenum-
bers are dominated by the peaks of J1 > 0. If we flip ✓2 to the
other side of ✓1, we find on the contrary that the large-scale flow
brings higher-density regions to ✓2, so that we have the change
of signs �2 < 0 and ⇠3 < 0. The same arguments explain the
change of sign with (✓ � ✓2). In fact, it is the relative direction
between (✓ � ✓2) and (✓1 � ✓2) that matters, measured by the
scalar product (✓ � ✓2)·(✓1 � ✓2). This geometrical dependence of
the leading-order contribution to ⇠3 could provide a simple test
of the consistency relation, without even computing the explicit
expression in the right-hand side of Eq. (38).

4.2. Three-point correlation in terms of a two-point

correlation

The three-point correlation ⇠3 in Eq. (38) cannot be written as a
product of two-point correlations because there is only one in-
tegral along the line of sight that is left. However, if the linear
power spectrum PL(k, z) is already known, we may write ⇠3 in
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Here we assumed that on large scales the galaxy bias is linear,

k ! 0: �̃g(k) = bg(⌘)�̃(k) + ✏̃(k), (35)

where ✏̃ is a stochastic component that represents shot noise and
the e↵ect of small-scale (e.g., baryonic) physics on galaxy for-
mation. From the decomposition (35), it is uncorrelated with the
large-scale density field (Hamaus et al. 2010), h�̃(k)✏̃(k)i = 0.
Then, in Eq. (34) we neglected the term h✏̃�̃g1 (�̃2 + H2�̃2)i. In-
deed, the small-scale local processes within the region ✓ should
be very weakly correlated with the density fields in the dis-
tant regions ✓1 and ✓2, which at leading order are only sensi-
tive to the total mass within the large-scale region ✓. Therefore,
h✏̃�̃g1 (�̃2 +H2�̃2)i should exhibit a fast decay at low k, whereas
the term in Eq. (34) associated with the consistency relation only
decays as PL(k)/k ⇠ kns�1 with ns ' 0.96. In Eq. (34), we also
assumed that the galaxy bias bg goes to a constant at large scales,
which is usually the case, but we could take into account a scale
dependence [by keeping the factor bg(k, ⌘) in the integral over k].

The small-scale two-point correlations h1 · 2i0 are dominated
by contributions at almost equal times, ⌘1 ' ⌘2, as di↵erent red-
shifts would correspond to points that are separated by several
Hubble radii along the lines of sight and density correlations are
negligible beyond Hubble scales. Therefore, ⇠3 is dominated by
the second term that does not vanish at equal times. The integrals
along the lines of sight suppress the contributions from longitu-
dinal wavelengths below the Hubble radius c/H, while the angu-
lar windows only suppress the wavelengths below the transverse
radii c⇥/H. Then, for small angular windows, ⇥ ⌧ 1, we can
use Limber’s approximation, kk ⌧ k? hence k ' k?. Integrating
over kk through the Dirac factor �D(kk + k1k + k2k), and next over
k1k and k2k, we obtain the Dirac factors (2⇡)2�D(r1 � r)�D(r2 � r).
This allows us to integrate over ⌘1 and ⌘2 and we obtain

⇠3 = �(2⇡)2
Z

d⌘ bg(⌘)Ig(⌘)Ig1 (⌘)IISW2 (⌘)
d ln D

d⌘

⇥
Z

dk?dk1?dk2?�D(k? + k1? + k2?)W̃⇥(k?r)

⇥ W̃⇥1 (k1?r)W̃⇥2 (k2?r)eir(k?·✓+k1?·✓1+k2?·✓2)

⇥ PL(k?, ⌘)
k1? · k?
k2?k2

2?
Pg1,m(k1?, ⌘), (36)

where Pg1,m is the galaxy-matter power spectrum. The integra-
tion over k2? gives

⇠3=�(2⇡)2
Z

d⌘ bgIgIg1 IISW2

d ln D
d⌘

Z
dk?dk1?W̃⇥(k?r)

⇥ W̃⇥1 (k1?r)W̃⇥2 (k1?r)PL(k?, ⌘)Pg1,m(k1?, ⌘)

⇥ eir[k?·(✓�✓2)+k1?·(✓1�✓2)] k1? · k?
k2

1?k2?
, (37)

and the integration over the angles of k? and k1? gives

⇠3 =
(✓ � ✓2) · (✓1 � ✓2)
|✓ � ✓2||✓1 � ✓2| (2⇡)4

Z
d⌘ bgIgIg1 IISW2

d ln D
d⌘

⇥
Z 1

0
dk?dk1? W̃⇥(k?r)W̃⇥1 (k1?r)W̃⇥2 (k1?r)

⇥ PL(k?, ⌘)Pg1,m(k1?, ⌘)J1(k?r|✓ � ✓2|)
⇥ J1(k1?r|✓1 � ✓2|), (38)

where J1 is the first-order Bessel function of the first kind.

As the expression (38) arises from the kinematic consistency
relations, it expresses the response of the small-scale two-point
correlation h�sg1

(✓1)�s
ISW2

(✓2)i to a change of the initial condition
associated with the large-scale mode �sg(✓). The kinematic e↵ect
given at the leading order by Eq. (38) is due to the uniform mo-
tion of the small-scale structures by the large-scale mode. This
explains why the result (38) vanishes in the two following cases:

1. (✓ � ✓2) ? (✓1 � ✓2). There is a nonzero response of h�1�2i
if there is a linear dependence on �(✓) of h�1�2i, so that its
first derivative is nonzero. A positive (negative) �(✓) leads to
a uniform motion at ✓2 towards (away from) ✓, along the di-
rection (✓ � ✓2). From the point of view of ✓1 and ✓2, there
is a reflection symmetry with respect to the axis (✓1 � ✓2).
For instance, if �1 > 0 the density contrast at a position ✓3
typically decreases in the mean with the radius |✓3 � ✓1|, and
for �✓2 ? (✓1 � ✓2) the points ✓±3 = ✓2 ± �✓2 are at the same
distance from ✓1 and have the same density contrast �3 in the
mean, with typically �3 < �2 as |✓±3 � ✓1| > |✓2 � ✓1|. There-
fore, the large-scale flow along (✓ � ✓2) leads to a positive
�2 = ���2/�⌘2 independently of whether the matter moves
towards or away from ✓ (here we took a finite deviation �✓2).
This means that the dependence of h�1�2i on �(✓) is quadratic
(it does not depend on the sign of �(✓)) and the first-order re-
sponse function vanishes. Then, the leading-order contribu-
tion to ⇠3 vanishes. (For infinitesimal deviation �✓2 we have
�2 = �@�2/@⌘2 = 0; by this symmetry, in the mean �2 is an
extremum of the density contrast along the orthogonal direc-
tion to (✓1 � ✓2).)

2. ✓1 = ✓2. This is a particular case of the previous configura-
tion. Again, by symmetry from the viewpoint of �1, the two
points �(✓2+�✓2) and �(✓2��✓2) are equivalent and the mean
response associated with the kinematic e↵ect vanishes.

This also explains why Eq. (38) changes sign with (✓1 � ✓2)
and (✓ � ✓2). Let us consider for simplicity the case where the
three points are aligned and �(✓) > 0, so that the large-scale flow
points towards ✓. We also take �1 > 0, so that in the mean the
density is peaked at ✓1 and decreases outwards. Let us take ✓2
close to ✓1, on the decreasing radial slope, and on the other side
of ✓1 than ✓. Then, the large-scale flow moves matter at ✓2 to-
wards ✓1, so that the density at ✓2 at a slightly later time comes
from more outward regions (with respect to the peak at ✓1) with
a lower density. This means that �2 = �@�2/@⌘2 is positive so
that ⇠3 > 0. This agrees with Eq. (38), as (✓ � ✓2) · (✓1 � ✓2) > 0
in this geometry, and we assume the integrals over wavenum-
bers are dominated by the peaks of J1 > 0. If we flip ✓2 to the
other side of ✓1, we find on the contrary that the large-scale flow
brings higher-density regions to ✓2, so that we have the change
of signs �2 < 0 and ⇠3 < 0. The same arguments explain the
change of sign with (✓ � ✓2). In fact, it is the relative direction
between (✓ � ✓2) and (✓1 � ✓2) that matters, measured by the
scalar product (✓ � ✓2)·(✓1 � ✓2). This geometrical dependence of
the leading-order contribution to ⇠3 could provide a simple test
of the consistency relation, without even computing the explicit
expression in the right-hand side of Eq. (38).

4.2. Three-point correlation in terms of a two-point

correlation

The three-point correlation ⇠3 in Eq. (38) cannot be written as a
product of two-point correlations because there is only one in-
tegral along the line of sight that is left. However, if the linear
power spectrum PL(k, z) is already known, we may write ⇠3 in
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terms of some two-point correlation ⇠2. For instance, the small-
scale cross-correlation between one galaxy density contrast and
one weak lensing convergence,

⇠2(�sg1
, s2) = h�sg1

(✓1)s2(✓2)i (39)

reads as

⇠2 = (2⇡)2
Z

d⌘ Ig1 I2

Z 1

0
dk1?k1? F̃⇥1 (k1?r)

⇥ F̃⇥2 (k1?r)J0(k1?r|✓1 � ✓2|)Pg1,m(k1?), (40)

where we again used Limber’s approximation. Here we denoted
the angular smoothing windows by F̃ to distinguish ⇠2 from ⇠3.
Then, we can write

⇠3 =
(✓ � ✓2) · (✓1 � ✓2)
|✓ � ✓2||✓1 � ✓2| ⇠2, (41)

if the angular windows of the two-point correlation are chosen
such that

F̃⇥1 (k1?r)F̃⇥2 (k1?) = (2⇡)2 IgIISW2

I2
bg

d ln D
d⌘

⇥
 Z 1

0
dk?W̃⇥(k?r)J1(k?r|✓ � ✓2|)PL(k?, ⌘)

!

⇥ W̃⇥1 (k1?r)W̃⇥2 (k1?r)J1(k1?r|✓1 � ✓2|)
k1?J0(k1?r|✓1 � ✓2|) · (42)

This implies that the angular windows F̃⇥1 and F̃⇥2 of the two-
point correlation ⇠2 have an explicit redshift dependence.

In practice, the expression (42) may not be very convenient.
Then, to use the consistency relation (38) it may be more prac-
tical to first measure the power spectra PL and Pg1,m indepen-
dently, at the redshifts needed for the integral along the line of
sight (38), and next compare the measure of ⇠3 with the expres-
sion (38) computed with these power spectra.

4.3. Lensing-lensing-ISW correlation

From Eq. (38) we can directly obtain the lensing-lensing-ISW
three-point correlation,

⇠3(s, s1,�
s
ISW2

) = hs(✓) s1(✓1)�s
ISW2

(✓2)i, (43)

by replacing the galaxy kernels bgIg and Ig1 by the lensing con-
vergence kernels I and I1 ,

⇠3 =
(✓ � ✓2) · (✓1 � ✓2)
|✓ � ✓2||✓1 � ✓2| (2⇡)4

Z
d⌘ II1 IISW2

d ln D
d⌘

⇥
Z 1

0
dk?dk1? W̃⇥(k?r)W̃⇥1 (k1?r)W̃⇥2 (k1?r)

⇥ PL(k?, ⌘)P(k1?, ⌘)J1(k?r|✓ � ✓2|)
⇥ J1(k1?r|✓1 � ✓2|). (44)

As compared with Eq. (38), the advantage of the cross-
correlation with the weak lensing convergence  is that Eq. (44)
involves the matter power spectrum P(k1?) instead of the more
complicated galaxy-matter cross power spectrum Pg1,m(k1?).

4.4. Vanishing contribution to the galaxy-ISW-ISW

correlation

In the previous section (Sect. 4.1), we considered the three-
point galaxy-galaxy-ISW correlation (30), to take advantage of
the momentum dependence of the ISW e↵ect (or more pre-
cisely its dependence on the time derivative of the density field),
which gives rise to consistency relations that do not vanish at
equal times. The reader may wonder whether we could also use
the galaxy-ISW-ISW correlation for the same purpose. From
Eq. (23), this three-point correlation involves h�̃(�̃1 + �̃1)(�̃2 +
�̃2)i0, instead of h�̃�̃1(�̃2 + �̃2)i0 in Eq. (33), where we use com-
pact notations. Thus, we obtain the combination

h��ISW1�ISW2i / h�̃�̃1�̃2i0+H
h
h�̃�̃1�̃2i0 + h�̃�̃1�̃2i0

i
+H2h�̃�̃1�̃2i0.

(45)

On the other hand, at equal times the consistency relation (8)
writes as

h�̃(k)
nY

j=1

�̃(k j)
n+mY

j=n+1

�̃(k j)i0k!0 = PL(k)
D0

D

n+mX

i=n+1

k · ki

k2

⇥ h�̃(ki)
nY

j=1

�̃(k j)
n+mY

j=n+1
j,i

�̃(k j)i0, (46)

where we only keep the contributions of order 1/k and the sec-
ond line in Eq. (8) cancels out. The first contribution to the three-
point correlation (45) reads as

h�̃�̃1�̃2i0 = PL(k)
D0

D

"
k · k1

k2 h�̃1�̃2i0 + k · k2

k2 h�̃2�̃1i0
#

= PL(k)
D0

D
k · k1

k2

h
h�̃(k1)�̃(�k1)i0 � h�̃(�k1)�̃(k1)i0

i

= 0. (47)

Here again, we only consider the leading contribution of order
1/k and we use k2 = �k1 in the limit k ! 0. The term in
the bracket in the second line vanishes because the cross-power
spectrum h�̃(k)�̃(�k)i0 = P�,�(k) only depends on |k|, because of
statistical isotropy. The second contribution to Eq. (45) reads as

h�̃�̃1�̃2i0 + h�̃�̃1�̃2i0 = PL(k)
D0

D

"
k · k1

k2 h�̃1�̃2i0 +
k · k2

k2 h�̃2�̃1i0
#

= 0. (48)

The third contribution h�̃�̃1�̃2i0 vanishes as usual at equal times,
as it only involves the density field. Thus, we find that the
leading-order contribution to the galaxy-ISW-ISW three-point
correlation vanishes, in contrast with the galaxy-galaxy-ISW
three-point correlation studied in section 4.1. This is why we fo-
cus on the three-point correlations (30) and (43), with only one
ISW field.

This cancellation can be understood from symmetry. Let
us consider the maximal case where the points {✓, ✓1, ✓2} are
aligned. There is a nonzero consistency relation if the depen-
dence of h�1�2i0 to �(✓) contains a linear term. In the long-mode
limit, this means that h�1�2i0 changes sign with the sign of the
large-scale velocity flow. However, by symmetry h�1�2i0 does
not select a left or right direction along the line (✓1, ✓2), so that
it cannot depend on the sign of the large-scale velocity flow, nor
on the sign of �(✓). In contrast, in the case of the three-point
correlation (30), with only one ISW observable, the consistency
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terms of some two-point correlation ⇠2. For instance, the small-
scale cross-correlation between one galaxy density contrast and
one weak lensing convergence,

⇠2(�sg1
, s2) = h�sg1

(✓1)s2(✓2)i (39)

reads as

⇠2 = (2⇡)2
Z

d⌘ Ig1 I2

Z 1

0
dk1?k1? F̃⇥1 (k1?r)

⇥ F̃⇥2 (k1?r)J0(k1?r|✓1 � ✓2|)Pg1,m(k1?), (40)

where we again used Limber’s approximation. Here we denoted
the angular smoothing windows by F̃ to distinguish ⇠2 from ⇠3.
Then, we can write

⇠3 =
(✓ � ✓2) · (✓1 � ✓2)
|✓ � ✓2||✓1 � ✓2| ⇠2, (41)

if the angular windows of the two-point correlation are chosen
such that

F̃⇥1 (k1?r)F̃⇥2 (k1?) = (2⇡)2 IgIISW2

I2
bg

d ln D
d⌘

⇥
 Z 1

0
dk?W̃⇥(k?r)J1(k?r|✓ � ✓2|)PL(k?, ⌘)

!

⇥ W̃⇥1 (k1?r)W̃⇥2 (k1?r)J1(k1?r|✓1 � ✓2|)
k1?J0(k1?r|✓1 � ✓2|) · (42)

This implies that the angular windows F̃⇥1 and F̃⇥2 of the two-
point correlation ⇠2 have an explicit redshift dependence.

In practice, the expression (42) may not be very convenient.
Then, to use the consistency relation (38) it may be more prac-
tical to first measure the power spectra PL and Pg1,m indepen-
dently, at the redshifts needed for the integral along the line of
sight (38), and next compare the measure of ⇠3 with the expres-
sion (38) computed with these power spectra.

4.3. Lensing-lensing-ISW correlation

From Eq. (38) we can directly obtain the lensing-lensing-ISW
three-point correlation,

⇠3(s, s1,�
s
ISW2

) = hs(✓) s1(✓1)�s
ISW2

(✓2)i, (43)

by replacing the galaxy kernels bgIg and Ig1 by the lensing con-
vergence kernels I and I1 ,

⇠3 =
(✓ � ✓2) · (✓1 � ✓2)
|✓ � ✓2||✓1 � ✓2| (2⇡)4

Z
d⌘ II1 IISW2

d ln D
d⌘

⇥
Z 1

0
dk?dk1? W̃⇥(k?r)W̃⇥1 (k1?r)W̃⇥2 (k1?r)

⇥ PL(k?, ⌘)P(k1?, ⌘)J1(k?r|✓ � ✓2|)
⇥ J1(k1?r|✓1 � ✓2|). (44)

As compared with Eq. (38), the advantage of the cross-
correlation with the weak lensing convergence  is that Eq. (44)
involves the matter power spectrum P(k1?) instead of the more
complicated galaxy-matter cross power spectrum Pg1,m(k1?).

4.4. Vanishing contribution to the galaxy-ISW-ISW

correlation

In the previous section (Sect. 4.1), we considered the three-
point galaxy-galaxy-ISW correlation (30), to take advantage of
the momentum dependence of the ISW e↵ect (or more pre-
cisely its dependence on the time derivative of the density field),
which gives rise to consistency relations that do not vanish at
equal times. The reader may wonder whether we could also use
the galaxy-ISW-ISW correlation for the same purpose. From
Eq. (23), this three-point correlation involves h�̃(�̃1 + �̃1)(�̃2 +
�̃2)i0, instead of h�̃�̃1(�̃2 + �̃2)i0 in Eq. (33), where we use com-
pact notations. Thus, we obtain the combination

h��ISW1�ISW2i / h�̃�̃1�̃2i0+H
h
h�̃�̃1�̃2i0 + h�̃�̃1�̃2i0

i
+H2h�̃�̃1�̃2i0.

(45)

On the other hand, at equal times the consistency relation (8)
writes as

h�̃(k)
nY

j=1

�̃(k j)
n+mY

j=n+1

�̃(k j)i0k!0 = PL(k)
D0

D

n+mX

i=n+1

k · ki

k2

⇥ h�̃(ki)
nY

j=1

�̃(k j)
n+mY

j=n+1
j,i

�̃(k j)i0, (46)

where we only keep the contributions of order 1/k and the sec-
ond line in Eq. (8) cancels out. The first contribution to the three-
point correlation (45) reads as

h�̃�̃1�̃2i0 = PL(k)
D0

D

"
k · k1

k2 h�̃1�̃2i0 + k · k2

k2 h�̃2�̃1i0
#

= PL(k)
D0

D
k · k1

k2

h
h�̃(k1)�̃(�k1)i0 � h�̃(�k1)�̃(k1)i0

i

= 0. (47)

Here again, we only consider the leading contribution of order
1/k and we use k2 = �k1 in the limit k ! 0. The term in
the bracket in the second line vanishes because the cross-power
spectrum h�̃(k)�̃(�k)i0 = P�,�(k) only depends on |k|, because of
statistical isotropy. The second contribution to Eq. (45) reads as

h�̃�̃1�̃2i0 + h�̃�̃1�̃2i0 = PL(k)
D0

D

"
k · k1

k2 h�̃1�̃2i0 +
k · k2

k2 h�̃2�̃1i0
#

= 0. (48)

The third contribution h�̃�̃1�̃2i0 vanishes as usual at equal times,
as it only involves the density field. Thus, we find that the
leading-order contribution to the galaxy-ISW-ISW three-point
correlation vanishes, in contrast with the galaxy-galaxy-ISW
three-point correlation studied in section 4.1. This is why we fo-
cus on the three-point correlations (30) and (43), with only one
ISW field.

This cancellation can be understood from symmetry. Let
us consider the maximal case where the points {✓, ✓1, ✓2} are
aligned. There is a nonzero consistency relation if the depen-
dence of h�1�2i0 to �(✓) contains a linear term. In the long-mode
limit, this means that h�1�2i0 changes sign with the sign of the
large-scale velocity flow. However, by symmetry h�1�2i0 does
not select a left or right direction along the line (✓1, ✓2), so that
it cannot depend on the sign of the large-scale velocity flow, nor
on the sign of �(✓). In contrast, in the case of the three-point
correlation (30), with only one ISW observable, the consistency
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terms of some two-point correlation ⇠2. For instance, the small-
scale cross-correlation between one galaxy density contrast and
one weak lensing convergence,

⇠2(�sg1
, s2) = h�sg1

(✓1)s2(✓2)i (39)

reads as

⇠2 = (2⇡)2
Z

d⌘ Ig1 I2

Z 1

0
dk1?k1? F̃⇥1 (k1?r)

⇥ F̃⇥2 (k1?r)J0(k1?r|✓1 � ✓2|)Pg1,m(k1?), (40)

where we again used Limber’s approximation. Here we denoted
the angular smoothing windows by F̃ to distinguish ⇠2 from ⇠3.
Then, we can write

⇠3 =
(✓ � ✓2) · (✓1 � ✓2)
|✓ � ✓2||✓1 � ✓2| ⇠2, (41)

if the angular windows of the two-point correlation are chosen
such that

F̃⇥1 (k1?r)F̃⇥2 (k1?) = (2⇡)2 IgIISW2

I2
bg

d ln D
d⌘

⇥
 Z 1

0
dk?W̃⇥(k?r)J1(k?r|✓ � ✓2|)PL(k?, ⌘)

!

⇥ W̃⇥1 (k1?r)W̃⇥2 (k1?r)J1(k1?r|✓1 � ✓2|)
k1?J0(k1?r|✓1 � ✓2|) · (42)

This implies that the angular windows F̃⇥1 and F̃⇥2 of the two-
point correlation ⇠2 have an explicit redshift dependence.

In practice, the expression (42) may not be very convenient.
Then, to use the consistency relation (38) it may be more prac-
tical to first measure the power spectra PL and Pg1,m indepen-
dently, at the redshifts needed for the integral along the line of
sight (38), and next compare the measure of ⇠3 with the expres-
sion (38) computed with these power spectra.

4.3. Lensing-lensing-ISW correlation

From Eq. (38) we can directly obtain the lensing-lensing-ISW
three-point correlation,

⇠3(s, s1,�
s
ISW2

) = hs(✓) s1(✓1)�s
ISW2

(✓2)i, (43)

by replacing the galaxy kernels bgIg and Ig1 by the lensing con-
vergence kernels I and I1 ,

⇠3 =
(✓ � ✓2) · (✓1 � ✓2)
|✓ � ✓2||✓1 � ✓2| (2⇡)4

Z
d⌘ II1 IISW2

d ln D
d⌘

⇥
Z 1

0
dk?dk1? W̃⇥(k?r)W̃⇥1 (k1?r)W̃⇥2 (k1?r)

⇥ PL(k?, ⌘)P(k1?, ⌘)J1(k?r|✓ � ✓2|)
⇥ J1(k1?r|✓1 � ✓2|). (44)

As compared with Eq. (38), the advantage of the cross-
correlation with the weak lensing convergence  is that Eq. (44)
involves the matter power spectrum P(k1?) instead of the more
complicated galaxy-matter cross power spectrum Pg1,m(k1?).

4.4. Vanishing contribution to the galaxy-ISW-ISW

correlation

In the previous section (Sect. 4.1), we considered the three-
point galaxy-galaxy-ISW correlation (30), to take advantage of
the momentum dependence of the ISW e↵ect (or more pre-
cisely its dependence on the time derivative of the density field),
which gives rise to consistency relations that do not vanish at
equal times. The reader may wonder whether we could also use
the galaxy-ISW-ISW correlation for the same purpose. From
Eq. (23), this three-point correlation involves h�̃(�̃1 + �̃1)(�̃2 +
�̃2)i0, instead of h�̃�̃1(�̃2 + �̃2)i0 in Eq. (33), where we use com-
pact notations. Thus, we obtain the combination

h��ISW1�ISW2i / h�̃�̃1�̃2i0+H
h
h�̃�̃1�̃2i0 + h�̃�̃1�̃2i0

i
+H2h�̃�̃1�̃2i0.

(45)

On the other hand, at equal times the consistency relation (8)
writes as

h�̃(k)
nY

j=1

�̃(k j)
n+mY

j=n+1

�̃(k j)i0k!0 = PL(k)
D0

D

n+mX

i=n+1

k · ki

k2

⇥ h�̃(ki)
nY

j=1

�̃(k j)
n+mY

j=n+1
j,i

�̃(k j)i0, (46)

where we only keep the contributions of order 1/k and the sec-
ond line in Eq. (8) cancels out. The first contribution to the three-
point correlation (45) reads as

h�̃�̃1�̃2i0 = PL(k)
D0

D

"
k · k1

k2 h�̃1�̃2i0 + k · k2

k2 h�̃2�̃1i0
#

= PL(k)
D0

D
k · k1

k2

h
h�̃(k1)�̃(�k1)i0 � h�̃(�k1)�̃(k1)i0

i

= 0. (47)

Here again, we only consider the leading contribution of order
1/k and we use k2 = �k1 in the limit k ! 0. The term in
the bracket in the second line vanishes because the cross-power
spectrum h�̃(k)�̃(�k)i0 = P�,�(k) only depends on |k|, because of
statistical isotropy. The second contribution to Eq. (45) reads as

h�̃�̃1�̃2i0 + h�̃�̃1�̃2i0 = PL(k)
D0

D

"
k · k1

k2 h�̃1�̃2i0 +
k · k2

k2 h�̃2�̃1i0
#

= 0. (48)

The third contribution h�̃�̃1�̃2i0 vanishes as usual at equal times,
as it only involves the density field. Thus, we find that the
leading-order contribution to the galaxy-ISW-ISW three-point
correlation vanishes, in contrast with the galaxy-galaxy-ISW
three-point correlation studied in section 4.1. This is why we fo-
cus on the three-point correlations (30) and (43), with only one
ISW field.

This cancellation can be understood from symmetry. Let
us consider the maximal case where the points {✓, ✓1, ✓2} are
aligned. There is a nonzero consistency relation if the depen-
dence of h�1�2i0 to �(✓) contains a linear term. In the long-mode
limit, this means that h�1�2i0 changes sign with the sign of the
large-scale velocity flow. However, by symmetry h�1�2i0 does
not select a left or right direction along the line (✓1, ✓2), so that
it cannot depend on the sign of the large-scale velocity flow, nor
on the sign of �(✓). In contrast, in the case of the three-point
correlation (30), with only one ISW observable, the consistency
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terms of some two-point correlation ⇠2. For instance, the small-
scale cross-correlation between one galaxy density contrast and
one weak lensing convergence,

⇠2(�sg1
, s2) = h�sg1

(✓1)s2(✓2)i (39)

reads as

⇠2 = (2⇡)2
Z

d⌘ Ig1 I2

Z 1

0
dk1?k1? F̃⇥1 (k1?r)

⇥ F̃⇥2 (k1?r)J0(k1?r|✓1 � ✓2|)Pg1,m(k1?), (40)

where we again used Limber’s approximation. Here we denoted
the angular smoothing windows by F̃ to distinguish ⇠2 from ⇠3.
Then, we can write

⇠3 =
(✓ � ✓2) · (✓1 � ✓2)
|✓ � ✓2||✓1 � ✓2| ⇠2, (41)

if the angular windows of the two-point correlation are chosen
such that

F̃⇥1 (k1?r)F̃⇥2 (k1?) = (2⇡)2 IgIISW2

I2
bg

d ln D
d⌘

⇥
 Z 1

0
dk?W̃⇥(k?r)J1(k?r|✓ � ✓2|)PL(k?, ⌘)

!

⇥ W̃⇥1 (k1?r)W̃⇥2 (k1?r)J1(k1?r|✓1 � ✓2|)
k1?J0(k1?r|✓1 � ✓2|) · (42)

This implies that the angular windows F̃⇥1 and F̃⇥2 of the two-
point correlation ⇠2 have an explicit redshift dependence.

In practice, the expression (42) may not be very convenient.
Then, to use the consistency relation (38) it may be more prac-
tical to first measure the power spectra PL and Pg1,m indepen-
dently, at the redshifts needed for the integral along the line of
sight (38), and next compare the measure of ⇠3 with the expres-
sion (38) computed with these power spectra.

4.3. Lensing-lensing-ISW correlation

From Eq. (38) we can directly obtain the lensing-lensing-ISW
three-point correlation,

⇠3(s, s1,�
s
ISW2

) = hs(✓) s1(✓1)�s
ISW2

(✓2)i, (43)

by replacing the galaxy kernels bgIg and Ig1 by the lensing con-
vergence kernels I and I1 ,

⇠3 =
(✓ � ✓2) · (✓1 � ✓2)
|✓ � ✓2||✓1 � ✓2| (2⇡)4

Z
d⌘ II1 IISW2

d ln D
d⌘

⇥
Z 1

0
dk?dk1? W̃⇥(k?r)W̃⇥1 (k1?r)W̃⇥2 (k1?r)

⇥ PL(k?, ⌘)P(k1?, ⌘)J1(k?r|✓ � ✓2|)
⇥ J1(k1?r|✓1 � ✓2|). (44)

As compared with Eq. (38), the advantage of the cross-
correlation with the weak lensing convergence  is that Eq. (44)
involves the matter power spectrum P(k1?) instead of the more
complicated galaxy-matter cross power spectrum Pg1,m(k1?).

4.4. Vanishing contribution to the galaxy-ISW-ISW

correlation

In the previous section (Sect. 4.1), we considered the three-
point galaxy-galaxy-ISW correlation (30), to take advantage of
the momentum dependence of the ISW e↵ect (or more pre-
cisely its dependence on the time derivative of the density field),
which gives rise to consistency relations that do not vanish at
equal times. The reader may wonder whether we could also use
the galaxy-ISW-ISW correlation for the same purpose. From
Eq. (23), this three-point correlation involves h�̃(�̃1 + �̃1)(�̃2 +
�̃2)i0, instead of h�̃�̃1(�̃2 + �̃2)i0 in Eq. (33), where we use com-
pact notations. Thus, we obtain the combination

h��ISW1�ISW2i / h�̃�̃1�̃2i0+H
h
h�̃�̃1�̃2i0 + h�̃�̃1�̃2i0

i
+H2h�̃�̃1�̃2i0.

(45)

On the other hand, at equal times the consistency relation (8)
writes as

h�̃(k)
nY

j=1

�̃(k j)
n+mY

j=n+1

�̃(k j)i0k!0 = PL(k)
D0

D

n+mX

i=n+1

k · ki

k2

⇥ h�̃(ki)
nY

j=1

�̃(k j)
n+mY

j=n+1
j,i

�̃(k j)i0, (46)

where we only keep the contributions of order 1/k and the sec-
ond line in Eq. (8) cancels out. The first contribution to the three-
point correlation (45) reads as

h�̃�̃1�̃2i0 = PL(k)
D0

D

"
k · k1

k2 h�̃1�̃2i0 + k · k2

k2 h�̃2�̃1i0
#

= PL(k)
D0

D
k · k1

k2

h
h�̃(k1)�̃(�k1)i0 � h�̃(�k1)�̃(k1)i0

i

= 0. (47)

Here again, we only consider the leading contribution of order
1/k and we use k2 = �k1 in the limit k ! 0. The term in
the bracket in the second line vanishes because the cross-power
spectrum h�̃(k)�̃(�k)i0 = P�,�(k) only depends on |k|, because of
statistical isotropy. The second contribution to Eq. (45) reads as

h�̃�̃1�̃2i0 + h�̃�̃1�̃2i0 = PL(k)
D0

D

"
k · k1

k2 h�̃1�̃2i0 +
k · k2

k2 h�̃2�̃1i0
#

= 0. (48)

The third contribution h�̃�̃1�̃2i0 vanishes as usual at equal times,
as it only involves the density field. Thus, we find that the
leading-order contribution to the galaxy-ISW-ISW three-point
correlation vanishes, in contrast with the galaxy-galaxy-ISW
three-point correlation studied in section 4.1. This is why we fo-
cus on the three-point correlations (30) and (43), with only one
ISW field.

This cancellation can be understood from symmetry. Let
us consider the maximal case where the points {✓, ✓1, ✓2} are
aligned. There is a nonzero consistency relation if the depen-
dence of h�1�2i0 to �(✓) contains a linear term. In the long-mode
limit, this means that h�1�2i0 changes sign with the sign of the
large-scale velocity flow. However, by symmetry h�1�2i0 does
not select a left or right direction along the line (✓1, ✓2), so that
it cannot depend on the sign of the large-scale velocity flow, nor
on the sign of �(✓). In contrast, in the case of the three-point
correlation (30), with only one ISW observable, the consistency
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terms of some two-point correlation ⇠2. For instance, the small-
scale cross-correlation between one galaxy density contrast and
one weak lensing convergence,

⇠2(�sg1
, s2) = h�sg1

(✓1)s2(✓2)i (39)

reads as

⇠2 = (2⇡)2
Z

d⌘ Ig1 I2

Z 1

0
dk1?k1? F̃⇥1 (k1?r)

⇥ F̃⇥2 (k1?r)J0(k1?r|✓1 � ✓2|)Pg1,m(k1?), (40)

where we again used Limber’s approximation. Here we denoted
the angular smoothing windows by F̃ to distinguish ⇠2 from ⇠3.
Then, we can write

⇠3 =
(✓ � ✓2) · (✓1 � ✓2)
|✓ � ✓2||✓1 � ✓2| ⇠2, (41)

if the angular windows of the two-point correlation are chosen
such that

F̃⇥1 (k1?r)F̃⇥2 (k1?) = (2⇡)2 IgIISW2

I2
bg

d ln D
d⌘

⇥
 Z 1

0
dk?W̃⇥(k?r)J1(k?r|✓ � ✓2|)PL(k?, ⌘)

!

⇥ W̃⇥1 (k1?r)W̃⇥2 (k1?r)J1(k1?r|✓1 � ✓2|)
k1?J0(k1?r|✓1 � ✓2|) · (42)

This implies that the angular windows F̃⇥1 and F̃⇥2 of the two-
point correlation ⇠2 have an explicit redshift dependence.

In practice, the expression (42) may not be very convenient.
Then, to use the consistency relation (38) it may be more prac-
tical to first measure the power spectra PL and Pg1,m indepen-
dently, at the redshifts needed for the integral along the line of
sight (38), and next compare the measure of ⇠3 with the expres-
sion (38) computed with these power spectra.

4.3. Lensing-lensing-ISW correlation

From Eq. (38) we can directly obtain the lensing-lensing-ISW
three-point correlation,

⇠3(s, s1,�
s
ISW2

) = hs(✓) s1(✓1)�s
ISW2

(✓2)i, (43)

by replacing the galaxy kernels bgIg and Ig1 by the lensing con-
vergence kernels I and I1 ,

⇠3 =
(✓ � ✓2) · (✓1 � ✓2)
|✓ � ✓2||✓1 � ✓2| (2⇡)4

Z
d⌘ II1 IISW2

d ln D
d⌘

⇥
Z 1

0
dk?dk1? W̃⇥(k?r)W̃⇥1 (k1?r)W̃⇥2 (k1?r)

⇥ PL(k?, ⌘)P(k1?, ⌘)J1(k?r|✓ � ✓2|)
⇥ J1(k1?r|✓1 � ✓2|). (44)

As compared with Eq. (38), the advantage of the cross-
correlation with the weak lensing convergence  is that Eq. (44)
involves the matter power spectrum P(k1?) instead of the more
complicated galaxy-matter cross power spectrum Pg1,m(k1?).

4.4. Vanishing contribution to the galaxy-ISW-ISW

correlation

In the previous section (Sect. 4.1), we considered the three-
point galaxy-galaxy-ISW correlation (30), to take advantage of
the momentum dependence of the ISW e↵ect (or more pre-
cisely its dependence on the time derivative of the density field),
which gives rise to consistency relations that do not vanish at
equal times. The reader may wonder whether we could also use
the galaxy-ISW-ISW correlation for the same purpose. From
Eq. (23), this three-point correlation involves h�̃(�̃1 + �̃1)(�̃2 +
�̃2)i0, instead of h�̃�̃1(�̃2 + �̃2)i0 in Eq. (33), where we use com-
pact notations. Thus, we obtain the combination

h��ISW1�ISW2i / h�̃�̃1�̃2i0+H
h
h�̃�̃1�̃2i0 + h�̃�̃1�̃2i0

i
+H2h�̃�̃1�̃2i0.

(45)

On the other hand, at equal times the consistency relation (8)
writes as

h�̃(k)
nY

j=1

�̃(k j)
n+mY

j=n+1

�̃(k j)i0k!0 = PL(k)
D0

D

n+mX

i=n+1

k · ki

k2

⇥ h�̃(ki)
nY

j=1

�̃(k j)
n+mY

j=n+1
j,i

�̃(k j)i0, (46)

where we only keep the contributions of order 1/k and the sec-
ond line in Eq. (8) cancels out. The first contribution to the three-
point correlation (45) reads as

h�̃�̃1�̃2i0 = PL(k)
D0

D

"
k · k1

k2 h�̃1�̃2i0 + k · k2

k2 h�̃2�̃1i0
#

= PL(k)
D0

D
k · k1

k2

h
h�̃(k1)�̃(�k1)i0 � h�̃(�k1)�̃(k1)i0

i

= 0. (47)

Here again, we only consider the leading contribution of order
1/k and we use k2 = �k1 in the limit k ! 0. The term in
the bracket in the second line vanishes because the cross-power
spectrum h�̃(k)�̃(�k)i0 = P�,�(k) only depends on |k|, because of
statistical isotropy. The second contribution to Eq. (45) reads as

h�̃�̃1�̃2i0 + h�̃�̃1�̃2i0 = PL(k)
D0

D

"
k · k1

k2 h�̃1�̃2i0 +
k · k2

k2 h�̃2�̃1i0
#

= 0. (48)

The third contribution h�̃�̃1�̃2i0 vanishes as usual at equal times,
as it only involves the density field. Thus, we find that the
leading-order contribution to the galaxy-ISW-ISW three-point
correlation vanishes, in contrast with the galaxy-galaxy-ISW
three-point correlation studied in section 4.1. This is why we fo-
cus on the three-point correlations (30) and (43), with only one
ISW field.

This cancellation can be understood from symmetry. Let
us consider the maximal case where the points {✓, ✓1, ✓2} are
aligned. There is a nonzero consistency relation if the depen-
dence of h�1�2i0 to �(✓) contains a linear term. In the long-mode
limit, this means that h�1�2i0 changes sign with the sign of the
large-scale velocity flow. However, by symmetry h�1�2i0 does
not select a left or right direction along the line (✓1, ✓2), so that
it cannot depend on the sign of the large-scale velocity flow, nor
on the sign of �(✓). In contrast, in the case of the three-point
correlation (30), with only one ISW observable, the consistency
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relation relies on the dependence of h�1�2i0 on the large-scale
mode � (see the discussion after Eq. (38)). Then, it is clear that
the nonsymmetrical quantity h�1�2i0 defines a direction along the
axis (✓1, ✓2), and a linear dependence on �(✓) and on the sign of
the large-scale velocity is expected.

5. Consistency relation for the kSZ effect

In this section we consider cross correlations with the kSZ ef-
fect. This allows us to apply the consistency relation (5), which
involves the momentum p and remains nonzero at equal times.

5.1. Galaxy-galaxy-kSZ correlation

In a fashion similar to the galaxy-galaxy-ISW correlation studied
in Sect. 4.1, we consider the three-point correlation between two
galaxy density contrasts and one kSZ CMB anisotropy,

⇠3(�sg, �
s
g1
,�s

kSZ2
) = h�sg(✓) �sg1

(✓1)�s
kSZ2

(✓2)i, (49)

in the squeezed limit given by the conditions (31) in Fourier
space and (32) in configuration space. The expressions (15) and
(29) give

⇠3 = ⇠3k + ⇠3?, (50)

with

⇠3k=
Z

d⌘d⌘1d⌘2 Ig(⌘)Ig1 (⌘1)IkSZ2 (⌘2)
Z

dkdk1dk2

⇥ ei(k·nr+k1·n1r1+k2·n2r2)W̃⇥(k(n)
? r)W̃⇥1 (k(n1)

1? r1)

⇥ W̃⇥2 (k(n2)
2? r2)h�̃g(k, ⌘)�̃g1 (k1, ⌘1) p̃(n2)

ek )(k2, ⌘2)i, (51)

and

⇠3? = �i
Z

d⌘d⌘1d⌘2 Ig(⌘)Ig1 (⌘1)IkSZ2 (⌘2)
Z

dkdk1dk2

⇥ ei(k·nr+k1·n1r1+k2·n2r2)W̃⇥(k(n)
? r)W̃⇥1 (k(n1)

1? r1)

⇥ W̃ 0⇥2
(k(n2)

2? r2)h�̃g(k, ⌘)�̃g1 (k1, ⌘1)
k(n2)

2? · p̃(n2)
e?

k(n2)
2?

(k2, ⌘2)i,

(52)

where we split the longitudinal and transverse contributions
to Eq. (29). Here {n, n1, n2} are the radial unit vectors that
point to the centers {✓, ✓1, ✓2} of the three circular windows,
and {(k(n)

k , k
(n)
? ), (k(n1)

1k , k
(n1)
1? ), (k(n2)

2k , k
(n2)
2? )} are the longitudinal and

transverse wave numbers with respect to the associated central
lines of sight [e.g., k(n)

k = n · k].
The computation of the transverse contribution (52) is sim-

ilar to the computation of the ISW three-point correlation (34),
using again Limber’s approximation. At lowest order we obtain

⇠3? =
(✓ � ✓1) · (✓2 � ✓1)
|✓ � ✓1||✓2 � ✓1| (2⇡)4

Z
d⌘ bgIgIg1 IkSZ2

d ln D
d⌘

⇥
Z 1

0
dk?dk2? k2?W̃⇥(k?r)W̃⇥1 (k2?r)W̃ 0⇥2

(k2?r)

⇥ PL(k?, ⌘)Pg1,e(k2?, ⌘)J1(k?r|✓ � ✓1|)
⇥ J1(k2?r|✓2 � ✓1|), (53)

where Pg1,e is the galaxy-free electrons cross power spectrum.

The computation of the longitudinal contribution (51) re-
quires slightly more care. Applying the consistency relation (5)
gives

⇠3k = �
Z

d⌘d⌘1d⌘2 bg(⌘)Ig(⌘)Ig1 (⌘1)IkSZ2 (⌘2)

⇥
Z

dkdk1dk2 W̃⇥(k(n)
? r)W̃⇥1 (k(n1)

1? r1)W̃⇥2 (k(n2)
2? r2)

⇥ ei(k·nr+k1·n1r1+k2·n2r2)D(⌘)PL0(k)
dD
d⌘

(⌘2)

⇥ i
n2 · k

k2 h�̃g1 �̃e2i0 �D(k + k1 + k2), (54)

where we only kept the contribution that does not vanish at equal
times, as it dominates the integrals along the lines of sight, and
we used PL(k, ⌘) = D(⌘)2PL0(k). If we approximate the three
lines of sight as parallel, we can write n2 · k = kk, where the lon-
gitudinal and transverse directions coincide for the three lines of
sight. Then, Limber’s approximation, which corresponds to the
limit where the radial integrations have a constant weight on the
infinite real axis, gives a Dirac term �D(kk) and ⇠3k = 0 (more
precisely, as we recalled above Eq. (36), the radial integration
gives kk . H/c while the angular window gives k? . H/(c⇥) so
that kk ⌧ k?). Taking into account the small angles between the
di↵erent lines of sight, as for the derivation of Eq. (29), the inte-
gration over k2 through the Dirac factor gives at leading order in
the angles

⇠3k = �
Z

d⌘d⌘1d⌘2 bg(⌘)Ig(⌘)D(⌘)Ig1 (⌘1)IkSZ2 (⌘2)
dD
d⌘

(⌘2)

⇥
Z

dkkdk?dk1kdk1? W̃⇥(k?r)W̃⇥1 (k1?r1)W̃⇥2 (k1?r2)

⇥ ei[kk(r�r2)+k?·(✓�✓2)r2+k1k(r1�r2)+k1?·(✓1�✓2)r2]

⇥ PL0(k?)Pg1,e(k1?; ⌘1, ⌘2)i
kk + k? · (✓2 � ✓)

k2?
· (55)

We used Limber’s approximation to write for instance PL0(k) '
PL0(k?), but we kept the factor kk in the last term, as the trans-
verse factor k? · (✓2�✓), due to the small angle between the lines
of sight n and n2, is suppressed by the small angle |✓2 � ✓|. We
again split ⇠3k over two contributions, ⇠3k = ⇠k3k + ⇠

?
3k, associated

with the factors kk and k? · (✓2 � ✓) of the last term. Let us first
consider the contribution ⇠k3k. Writing ikkeikk(r�r2) = @

@r eikk(r�r2),
we integrate by parts over ⌘. For simplicity we assume that the
galaxy selection function Ig vanishes at z = 0,

Ig(⌘0) = 0, (56)

so that the boundary term at z = 0 vanishes. Then, the integra-
tions over kk and k1k give a factor (2⇡)2�D(r � r2)�D(r1 � r2), and
we can integrate over ⌘ and ⌘1. Finally, the integration over the
angles of the transverse wavenumbers yields

⇠k3k = �(2⇡)4
Z

d⌘
d
d⌘

h
bgIgD

i
Ig1 IkSZ2

dD
d⌘

⇥
Z 1

0
dk?dk1? W̃⇥(k?r)W̃⇥1 (k1?r)W̃⇥2 (k1?r)

⇥ k1?
k?

PL0(k?)Pg1,e(k1?, ⌘)J0(k?r|✓ � ✓2|)
⇥ J0(k1?r|✓1 � ✓2|), (57)

where J0 is the zeroth-order Bessel function of the first kind.
For the transverse contribution ⇠?3k we can proceed in the same
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relation relies on the dependence of h�1�2i0 on the large-scale
mode � (see the discussion after Eq. (38)). Then, it is clear that
the nonsymmetrical quantity h�1�2i0 defines a direction along the
axis (✓1, ✓2), and a linear dependence on �(✓) and on the sign of
the large-scale velocity is expected.

5. Consistency relation for the kSZ effect

In this section we consider cross correlations with the kSZ ef-
fect. This allows us to apply the consistency relation (5), which
involves the momentum p and remains nonzero at equal times.

5.1. Galaxy-galaxy-kSZ correlation

In a fashion similar to the galaxy-galaxy-ISW correlation studied
in Sect. 4.1, we consider the three-point correlation between two
galaxy density contrasts and one kSZ CMB anisotropy,

⇠3(�sg, �
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,�s

kSZ2
) = h�sg(✓) �sg1

(✓1)�s
kSZ2

(✓2)i, (49)

in the squeezed limit given by the conditions (31) in Fourier
space and (32) in configuration space. The expressions (15) and
(29) give

⇠3 = ⇠3k + ⇠3?, (50)

with

⇠3k=
Z
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⇥ W̃⇥2 (k(n2)
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ek )(k2, ⌘2)i, (51)

and

⇠3? = �i
Z

d⌘d⌘1d⌘2 Ig(⌘)Ig1 (⌘1)IkSZ2 (⌘2)
Z
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⇥ W̃ 0⇥2
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2? r2)h�̃g(k, ⌘)�̃g1 (k1, ⌘1)
k(n2)
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e?

k(n2)
2?

(k2, ⌘2)i,

(52)

where we split the longitudinal and transverse contributions
to Eq. (29). Here {n, n1, n2} are the radial unit vectors that
point to the centers {✓, ✓1, ✓2} of the three circular windows,
and {(k(n)

k , k
(n)
? ), (k(n1)

1k , k
(n1)
1? ), (k(n2)

2k , k
(n2)
2? )} are the longitudinal and

transverse wave numbers with respect to the associated central
lines of sight [e.g., k(n)

k = n · k].
The computation of the transverse contribution (52) is sim-

ilar to the computation of the ISW three-point correlation (34),
using again Limber’s approximation. At lowest order we obtain

⇠3? =
(✓ � ✓1) · (✓2 � ✓1)
|✓ � ✓1||✓2 � ✓1| (2⇡)4

Z
d⌘ bgIgIg1 IkSZ2

d ln D
d⌘

⇥
Z 1

0
dk?dk2? k2?W̃⇥(k?r)W̃⇥1 (k2?r)W̃ 0⇥2

(k2?r)

⇥ PL(k?, ⌘)Pg1,e(k2?, ⌘)J1(k?r|✓ � ✓1|)
⇥ J1(k2?r|✓2 � ✓1|), (53)

where Pg1,e is the galaxy-free electrons cross power spectrum.

The computation of the longitudinal contribution (51) re-
quires slightly more care. Applying the consistency relation (5)
gives

⇠3k = �
Z

d⌘d⌘1d⌘2 bg(⌘)Ig(⌘)Ig1 (⌘1)IkSZ2 (⌘2)

⇥
Z

dkdk1dk2 W̃⇥(k(n)
? r)W̃⇥1 (k(n1)

1? r1)W̃⇥2 (k(n2)
2? r2)

⇥ ei(k·nr+k1·n1r1+k2·n2r2)D(⌘)PL0(k)
dD
d⌘

(⌘2)

⇥ i
n2 · k

k2 h�̃g1 �̃e2i0 �D(k + k1 + k2), (54)

where we only kept the contribution that does not vanish at equal
times, as it dominates the integrals along the lines of sight, and
we used PL(k, ⌘) = D(⌘)2PL0(k). If we approximate the three
lines of sight as parallel, we can write n2 · k = kk, where the lon-
gitudinal and transverse directions coincide for the three lines of
sight. Then, Limber’s approximation, which corresponds to the
limit where the radial integrations have a constant weight on the
infinite real axis, gives a Dirac term �D(kk) and ⇠3k = 0 (more
precisely, as we recalled above Eq. (36), the radial integration
gives kk . H/c while the angular window gives k? . H/(c⇥) so
that kk ⌧ k?). Taking into account the small angles between the
di↵erent lines of sight, as for the derivation of Eq. (29), the inte-
gration over k2 through the Dirac factor gives at leading order in
the angles

⇠3k = �
Z

d⌘d⌘1d⌘2 bg(⌘)Ig(⌘)D(⌘)Ig1 (⌘1)IkSZ2 (⌘2)
dD
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⇥ ei[kk(r�r2)+k?·(✓�✓2)r2+k1k(r1�r2)+k1?·(✓1�✓2)r2]

⇥ PL0(k?)Pg1,e(k1?; ⌘1, ⌘2)i
kk + k? · (✓2 � ✓)

k2?
· (55)

We used Limber’s approximation to write for instance PL0(k) '
PL0(k?), but we kept the factor kk in the last term, as the trans-
verse factor k? · (✓2�✓), due to the small angle between the lines
of sight n and n2, is suppressed by the small angle |✓2 � ✓|. We
again split ⇠3k over two contributions, ⇠3k = ⇠k3k + ⇠

?
3k, associated

with the factors kk and k? · (✓2 � ✓) of the last term. Let us first
consider the contribution ⇠k3k. Writing ikkeikk(r�r2) = @

@r eikk(r�r2),
we integrate by parts over ⌘. For simplicity we assume that the
galaxy selection function Ig vanishes at z = 0,

Ig(⌘0) = 0, (56)

so that the boundary term at z = 0 vanishes. Then, the integra-
tions over kk and k1k give a factor (2⇡)2�D(r � r2)�D(r1 � r2), and
we can integrate over ⌘ and ⌘1. Finally, the integration over the
angles of the transverse wavenumbers yields

⇠k3k = �(2⇡)4
Z

d⌘
d
d⌘

h
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i
Ig1 IkSZ2

dD
d⌘

⇥
Z 1

0
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PL0(k?)Pg1,e(k1?, ⌘)J0(k?r|✓ � ✓2|)
⇥ J0(k1?r|✓1 � ✓2|), (57)

where J0 is the zeroth-order Bessel function of the first kind.
For the transverse contribution ⇠?3k we can proceed in the same
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relation relies on the dependence of h�1�2i0 on the large-scale
mode � (see the discussion after Eq. (38)). Then, it is clear that
the nonsymmetrical quantity h�1�2i0 defines a direction along the
axis (✓1, ✓2), and a linear dependence on �(✓) and on the sign of
the large-scale velocity is expected.

5. Consistency relation for the kSZ effect

In this section we consider cross correlations with the kSZ ef-
fect. This allows us to apply the consistency relation (5), which
involves the momentum p and remains nonzero at equal times.

5.1. Galaxy-galaxy-kSZ correlation

In a fashion similar to the galaxy-galaxy-ISW correlation studied
in Sect. 4.1, we consider the three-point correlation between two
galaxy density contrasts and one kSZ CMB anisotropy,

⇠3(�sg, �
s
g1
,�s

kSZ2
) = h�sg(✓) �sg1

(✓1)�s
kSZ2

(✓2)i, (49)

in the squeezed limit given by the conditions (31) in Fourier
space and (32) in configuration space. The expressions (15) and
(29) give

⇠3 = ⇠3k + ⇠3?, (50)

with

⇠3k=
Z

d⌘d⌘1d⌘2 Ig(⌘)Ig1 (⌘1)IkSZ2 (⌘2)
Z
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⇥ ei(k·nr+k1·n1r1+k2·n2r2)W̃⇥(k(n)
? r)W̃⇥1 (k(n1)

1? r1)

⇥ W̃⇥2 (k(n2)
2? r2)h�̃g(k, ⌘)�̃g1 (k1, ⌘1) p̃(n2)

ek )(k2, ⌘2)i, (51)

and

⇠3? = �i
Z

d⌘d⌘1d⌘2 Ig(⌘)Ig1 (⌘1)IkSZ2 (⌘2)
Z

dkdk1dk2
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⇥ W̃ 0⇥2
(k(n2)
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k(n2)

2? · p̃(n2)
e?

k(n2)
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(k2, ⌘2)i,

(52)

where we split the longitudinal and transverse contributions
to Eq. (29). Here {n, n1, n2} are the radial unit vectors that
point to the centers {✓, ✓1, ✓2} of the three circular windows,
and {(k(n)

k , k
(n)
? ), (k(n1)

1k , k
(n1)
1? ), (k(n2)

2k , k
(n2)
2? )} are the longitudinal and

transverse wave numbers with respect to the associated central
lines of sight [e.g., k(n)

k = n · k].
The computation of the transverse contribution (52) is sim-

ilar to the computation of the ISW three-point correlation (34),
using again Limber’s approximation. At lowest order we obtain

⇠3? =
(✓ � ✓1) · (✓2 � ✓1)
|✓ � ✓1||✓2 � ✓1| (2⇡)4

Z
d⌘ bgIgIg1 IkSZ2

d ln D
d⌘

⇥
Z 1

0
dk?dk2? k2?W̃⇥(k?r)W̃⇥1 (k2?r)W̃ 0⇥2

(k2?r)

⇥ PL(k?, ⌘)Pg1,e(k2?, ⌘)J1(k?r|✓ � ✓1|)
⇥ J1(k2?r|✓2 � ✓1|), (53)

where Pg1,e is the galaxy-free electrons cross power spectrum.

The computation of the longitudinal contribution (51) re-
quires slightly more care. Applying the consistency relation (5)
gives

⇠3k = �
Z

d⌘d⌘1d⌘2 bg(⌘)Ig(⌘)Ig1 (⌘1)IkSZ2 (⌘2)

⇥
Z

dkdk1dk2 W̃⇥(k(n)
? r)W̃⇥1 (k(n1)
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2? r2)

⇥ ei(k·nr+k1·n1r1+k2·n2r2)D(⌘)PL0(k)
dD
d⌘

(⌘2)

⇥ i
n2 · k

k2 h�̃g1 �̃e2i0 �D(k + k1 + k2), (54)

where we only kept the contribution that does not vanish at equal
times, as it dominates the integrals along the lines of sight, and
we used PL(k, ⌘) = D(⌘)2PL0(k). If we approximate the three
lines of sight as parallel, we can write n2 · k = kk, where the lon-
gitudinal and transverse directions coincide for the three lines of
sight. Then, Limber’s approximation, which corresponds to the
limit where the radial integrations have a constant weight on the
infinite real axis, gives a Dirac term �D(kk) and ⇠3k = 0 (more
precisely, as we recalled above Eq. (36), the radial integration
gives kk . H/c while the angular window gives k? . H/(c⇥) so
that kk ⌧ k?). Taking into account the small angles between the
di↵erent lines of sight, as for the derivation of Eq. (29), the inte-
gration over k2 through the Dirac factor gives at leading order in
the angles

⇠3k = �
Z

d⌘d⌘1d⌘2 bg(⌘)Ig(⌘)D(⌘)Ig1 (⌘1)IkSZ2 (⌘2)
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⇥ ei[kk(r�r2)+k?·(✓�✓2)r2+k1k(r1�r2)+k1?·(✓1�✓2)r2]

⇥ PL0(k?)Pg1,e(k1?; ⌘1, ⌘2)i
kk + k? · (✓2 � ✓)

k2?
· (55)

We used Limber’s approximation to write for instance PL0(k) '
PL0(k?), but we kept the factor kk in the last term, as the trans-
verse factor k? · (✓2�✓), due to the small angle between the lines
of sight n and n2, is suppressed by the small angle |✓2 � ✓|. We
again split ⇠3k over two contributions, ⇠3k = ⇠k3k + ⇠

?
3k, associated

with the factors kk and k? · (✓2 � ✓) of the last term. Let us first
consider the contribution ⇠k3k. Writing ikkeikk(r�r2) = @

@r eikk(r�r2),
we integrate by parts over ⌘. For simplicity we assume that the
galaxy selection function Ig vanishes at z = 0,

Ig(⌘0) = 0, (56)

so that the boundary term at z = 0 vanishes. Then, the integra-
tions over kk and k1k give a factor (2⇡)2�D(r � r2)�D(r1 � r2), and
we can integrate over ⌘ and ⌘1. Finally, the integration over the
angles of the transverse wavenumbers yields

⇠k3k = �(2⇡)4
Z

d⌘
d
d⌘

h
bgIgD

i
Ig1 IkSZ2

dD
d⌘

⇥
Z 1

0
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PL0(k?)Pg1,e(k1?, ⌘)J0(k?r|✓ � ✓2|)
⇥ J0(k1?r|✓1 � ✓2|), (57)

where J0 is the zeroth-order Bessel function of the first kind.
For the transverse contribution ⇠?3k we can proceed in the same
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relation relies on the dependence of h�1�2i0 on the large-scale
mode � (see the discussion after Eq. (38)). Then, it is clear that
the nonsymmetrical quantity h�1�2i0 defines a direction along the
axis (✓1, ✓2), and a linear dependence on �(✓) and on the sign of
the large-scale velocity is expected.

5. Consistency relation for the kSZ effect

In this section we consider cross correlations with the kSZ ef-
fect. This allows us to apply the consistency relation (5), which
involves the momentum p and remains nonzero at equal times.

5.1. Galaxy-galaxy-kSZ correlation

In a fashion similar to the galaxy-galaxy-ISW correlation studied
in Sect. 4.1, we consider the three-point correlation between two
galaxy density contrasts and one kSZ CMB anisotropy,

⇠3(�sg, �
s
g1
,�s

kSZ2
) = h�sg(✓) �sg1

(✓1)�s
kSZ2

(✓2)i, (49)

in the squeezed limit given by the conditions (31) in Fourier
space and (32) in configuration space. The expressions (15) and
(29) give

⇠3 = ⇠3k + ⇠3?, (50)

with

⇠3k=
Z

d⌘d⌘1d⌘2 Ig(⌘)Ig1 (⌘1)IkSZ2 (⌘2)
Z
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⇥ ei(k·nr+k1·n1r1+k2·n2r2)W̃⇥(k(n)
? r)W̃⇥1 (k(n1)

1? r1)

⇥ W̃⇥2 (k(n2)
2? r2)h�̃g(k, ⌘)�̃g1 (k1, ⌘1) p̃(n2)

ek )(k2, ⌘2)i, (51)

and

⇠3? = �i
Z
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k(n2)
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(k2, ⌘2)i,

(52)

where we split the longitudinal and transverse contributions
to Eq. (29). Here {n, n1, n2} are the radial unit vectors that
point to the centers {✓, ✓1, ✓2} of the three circular windows,
and {(k(n)

k , k
(n)
? ), (k(n1)

1k , k
(n1)
1? ), (k(n2)

2k , k
(n2)
2? )} are the longitudinal and

transverse wave numbers with respect to the associated central
lines of sight [e.g., k(n)

k = n · k].
The computation of the transverse contribution (52) is sim-

ilar to the computation of the ISW three-point correlation (34),
using again Limber’s approximation. At lowest order we obtain

⇠3? =
(✓ � ✓1) · (✓2 � ✓1)
|✓ � ✓1||✓2 � ✓1| (2⇡)4

Z
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⇥ PL(k?, ⌘)Pg1,e(k2?, ⌘)J1(k?r|✓ � ✓1|)
⇥ J1(k2?r|✓2 � ✓1|), (53)

where Pg1,e is the galaxy-free electrons cross power spectrum.

The computation of the longitudinal contribution (51) re-
quires slightly more care. Applying the consistency relation (5)
gives

⇠3k = �
Z

d⌘d⌘1d⌘2 bg(⌘)Ig(⌘)Ig1 (⌘1)IkSZ2 (⌘2)

⇥
Z

dkdk1dk2 W̃⇥(k(n)
? r)W̃⇥1 (k(n1)

1? r1)W̃⇥2 (k(n2)
2? r2)

⇥ ei(k·nr+k1·n1r1+k2·n2r2)D(⌘)PL0(k)
dD
d⌘

(⌘2)

⇥ i
n2 · k

k2 h�̃g1 �̃e2i0 �D(k + k1 + k2), (54)

where we only kept the contribution that does not vanish at equal
times, as it dominates the integrals along the lines of sight, and
we used PL(k, ⌘) = D(⌘)2PL0(k). If we approximate the three
lines of sight as parallel, we can write n2 · k = kk, where the lon-
gitudinal and transverse directions coincide for the three lines of
sight. Then, Limber’s approximation, which corresponds to the
limit where the radial integrations have a constant weight on the
infinite real axis, gives a Dirac term �D(kk) and ⇠3k = 0 (more
precisely, as we recalled above Eq. (36), the radial integration
gives kk . H/c while the angular window gives k? . H/(c⇥) so
that kk ⌧ k?). Taking into account the small angles between the
di↵erent lines of sight, as for the derivation of Eq. (29), the inte-
gration over k2 through the Dirac factor gives at leading order in
the angles
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· (55)

We used Limber’s approximation to write for instance PL0(k) '
PL0(k?), but we kept the factor kk in the last term, as the trans-
verse factor k? · (✓2�✓), due to the small angle between the lines
of sight n and n2, is suppressed by the small angle |✓2 � ✓|. We
again split ⇠3k over two contributions, ⇠3k = ⇠k3k + ⇠

?
3k, associated

with the factors kk and k? · (✓2 � ✓) of the last term. Let us first
consider the contribution ⇠k3k. Writing ikkeikk(r�r2) = @

@r eikk(r�r2),
we integrate by parts over ⌘. For simplicity we assume that the
galaxy selection function Ig vanishes at z = 0,

Ig(⌘0) = 0, (56)

so that the boundary term at z = 0 vanishes. Then, the integra-
tions over kk and k1k give a factor (2⇡)2�D(r � r2)�D(r1 � r2), and
we can integrate over ⌘ and ⌘1. Finally, the integration over the
angles of the transverse wavenumbers yields

⇠k3k = �(2⇡)4
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⇥ J0(k1?r|✓1 � ✓2|), (57)

where J0 is the zeroth-order Bessel function of the first kind.
For the transverse contribution ⇠?3k we can proceed in the same
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relation relies on the dependence of h�1�2i0 on the large-scale
mode � (see the discussion after Eq. (38)). Then, it is clear that
the nonsymmetrical quantity h�1�2i0 defines a direction along the
axis (✓1, ✓2), and a linear dependence on �(✓) and on the sign of
the large-scale velocity is expected.

5. Consistency relation for the kSZ effect

In this section we consider cross correlations with the kSZ ef-
fect. This allows us to apply the consistency relation (5), which
involves the momentum p and remains nonzero at equal times.

5.1. Galaxy-galaxy-kSZ correlation

In a fashion similar to the galaxy-galaxy-ISW correlation studied
in Sect. 4.1, we consider the three-point correlation between two
galaxy density contrasts and one kSZ CMB anisotropy,

⇠3(�sg, �
s
g1
,�s

kSZ2
) = h�sg(✓) �sg1

(✓1)�s
kSZ2

(✓2)i, (49)

in the squeezed limit given by the conditions (31) in Fourier
space and (32) in configuration space. The expressions (15) and
(29) give

⇠3 = ⇠3k + ⇠3?, (50)

with
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Z
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and
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(52)

where we split the longitudinal and transverse contributions
to Eq. (29). Here {n, n1, n2} are the radial unit vectors that
point to the centers {✓, ✓1, ✓2} of the three circular windows,
and {(k(n)

k , k
(n)
? ), (k(n1)

1k , k
(n1)
1? ), (k(n2)

2k , k
(n2)
2? )} are the longitudinal and

transverse wave numbers with respect to the associated central
lines of sight [e.g., k(n)

k = n · k].
The computation of the transverse contribution (52) is sim-

ilar to the computation of the ISW three-point correlation (34),
using again Limber’s approximation. At lowest order we obtain

⇠3? =
(✓ � ✓1) · (✓2 � ✓1)
|✓ � ✓1||✓2 � ✓1| (2⇡)4
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⇥ J1(k2?r|✓2 � ✓1|), (53)

where Pg1,e is the galaxy-free electrons cross power spectrum.

The computation of the longitudinal contribution (51) re-
quires slightly more care. Applying the consistency relation (5)
gives

⇠3k = �
Z

d⌘d⌘1d⌘2 bg(⌘)Ig(⌘)Ig1 (⌘1)IkSZ2 (⌘2)

⇥
Z

dkdk1dk2 W̃⇥(k(n)
? r)W̃⇥1 (k(n1)

1? r1)W̃⇥2 (k(n2)
2? r2)

⇥ ei(k·nr+k1·n1r1+k2·n2r2)D(⌘)PL0(k)
dD
d⌘

(⌘2)

⇥ i
n2 · k

k2 h�̃g1 �̃e2i0 �D(k + k1 + k2), (54)

where we only kept the contribution that does not vanish at equal
times, as it dominates the integrals along the lines of sight, and
we used PL(k, ⌘) = D(⌘)2PL0(k). If we approximate the three
lines of sight as parallel, we can write n2 · k = kk, where the lon-
gitudinal and transverse directions coincide for the three lines of
sight. Then, Limber’s approximation, which corresponds to the
limit where the radial integrations have a constant weight on the
infinite real axis, gives a Dirac term �D(kk) and ⇠3k = 0 (more
precisely, as we recalled above Eq. (36), the radial integration
gives kk . H/c while the angular window gives k? . H/(c⇥) so
that kk ⌧ k?). Taking into account the small angles between the
di↵erent lines of sight, as for the derivation of Eq. (29), the inte-
gration over k2 through the Dirac factor gives at leading order in
the angles

⇠3k = �
Z

d⌘d⌘1d⌘2 bg(⌘)Ig(⌘)D(⌘)Ig1 (⌘1)IkSZ2 (⌘2)
dD
d⌘

(⌘2)

⇥
Z

dkkdk?dk1kdk1? W̃⇥(k?r)W̃⇥1 (k1?r1)W̃⇥2 (k1?r2)

⇥ ei[kk(r�r2)+k?·(✓�✓2)r2+k1k(r1�r2)+k1?·(✓1�✓2)r2]

⇥ PL0(k?)Pg1,e(k1?; ⌘1, ⌘2)i
kk + k? · (✓2 � ✓)

k2?
· (55)

We used Limber’s approximation to write for instance PL0(k) '
PL0(k?), but we kept the factor kk in the last term, as the trans-
verse factor k? · (✓2�✓), due to the small angle between the lines
of sight n and n2, is suppressed by the small angle |✓2 � ✓|. We
again split ⇠3k over two contributions, ⇠3k = ⇠k3k + ⇠

?
3k, associated

with the factors kk and k? · (✓2 � ✓) of the last term. Let us first
consider the contribution ⇠k3k. Writing ikkeikk(r�r2) = @

@r eikk(r�r2),
we integrate by parts over ⌘. For simplicity we assume that the
galaxy selection function Ig vanishes at z = 0,

Ig(⌘0) = 0, (56)

so that the boundary term at z = 0 vanishes. Then, the integra-
tions over kk and k1k give a factor (2⇡)2�D(r � r2)�D(r1 � r2), and
we can integrate over ⌘ and ⌘1. Finally, the integration over the
angles of the transverse wavenumbers yields

⇠k3k = �(2⇡)4
Z

d⌘
d
d⌘

h
bgIgD

i
Ig1 IkSZ2

dD
d⌘

⇥
Z 1

0
dk?dk1? W̃⇥(k?r)W̃⇥1 (k1?r)W̃⇥2 (k1?r)

⇥ k1?
k?

PL0(k?)Pg1,e(k1?, ⌘)J0(k?r|✓ � ✓2|)
⇥ J0(k1?r|✓1 � ✓2|), (57)

where J0 is the zeroth-order Bessel function of the first kind.
For the transverse contribution ⇠?3k we can proceed in the same
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This is an explicit expression of the form: h�g�g�kSZi = h�g�iL h�g�ei

Not as convenient as the ISW correlations, because of the mixed galaxy-free electrons 
power spectrum.
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B-  MODIFIED-GRAVITY  THEORIES

Scalar-tensor theories: add a new scalar field '

5th force typically amplifies gravity and the growth of perturbations.

describing modifying gravity applies to chameleons and
fðRÞ models, symmetrons and dilatons. Here, we will
simply use the fmðaÞ;!ðaÞg parametrization as a way of
unambiguously defining modified-gravity models at the
level of the perturbations.

At the linear level, the perturbation equations of the
CDM fluid follow from the conservation of matter

" ¼ $#0; (1)

where the density contrast is # ¼ ð$m $ !$mÞ= !$m and
" ¼ @ivi is the divergence of the velocity field. We denote
by a prime the time derivative in conformal time %, with
d% ¼ dt=a and aðtÞ is the scale factor. The Euler equation
involves the Newtonian potential " and reads in Fourier
space as

~" 0 þH ~" ¼ k2 ~"; (2)

where we denote Fourier-space quantities with a tilde. Here
H ¼ a0=a is the conformal expansion rate, and we are
using the Newtonian gauge with two distinct potentials "
and #,

ds2 ¼ $a2ð1þ 2"Þd%2 þ a2ð1$ 2#Þdx2; (3)

where x are comoving coordinates. The gravitational dy-
namics determine the evolution of # as

$ k2 ~# ¼ 4&'ðk; aÞG !$m
~#=a; (4)

which is a modification of the Poisson equation ( !$m is the
mean comoving matter density and G is Newton’s con-
stant). We also assume that there is a constitutional relation
between the two potentials,

~" ¼ (ðk; aÞ ~#; (5)

implying that

$ k2 ~" ¼ 4&)ðk; aÞG !$m
~#=a; (6)

where

)ðk; aÞ ¼ (ðk; aÞ'ðk; aÞ: (7)

As a result, this implies that the density contrast obeys

~# 00 þH ~#0 $ 3$m

2
H 2)ðk; aÞ~# ¼ 0; (8)

where$mðaÞ is the matter density cosmological parameter.
The growth of structures depends on the choice of the
function )ðk; aÞ. We will define a large class of such
models in the following section.

B. Parametrized modified gravity

The choice of function )ðk; aÞ seems to be unlimited.
Here we focus on the simple choice

)ðk; aÞ ¼ 1þ *ðk; aÞ (9)

and

(ðk; aÞ ¼ 1þ *ðk; aÞ
1$ *ðk; aÞ ; (10)

where * measures the deviation from GR and is defined by
two time dependent functions only, mðaÞ and !ðaÞ [17]. In
modified-gravity models with a screened scalar field in
dense environments, mðaÞ is the mass of the scalar field
at the cosmological background level. Similarly!ðaÞ is the
coupling function between the scalar field and CDM par-
ticles. The space and time dependent function *ðk; aÞ is
expressed as

*ðk; aÞ ¼ 2!2ðaÞ
1þ m2ðaÞa2

k2

: (11)

This parametrization is valid for chameleons and fðRÞ
models, symmetrons and dilatons [17]. This implies in
particular that

)ðk; aÞ ¼ ð1þ 2!2Þk2 þm2a2

k2 þm2a2
(12)

and

(ðk; aÞ ¼ ð1þ 2!2Þk2 þm2a2

ð1$ 2!2Þk2 þm2a2
: (13)

This is an explicit parametrization, which shows that
modified-gravity effects only appear on scales such that
k * amðaÞ, i.e., when scales are within the Compton
wavelength of the scalar field. Outside the Compton wave-
length, GR is retrieved. These expressions are valid in the
Jordan frame where Newton’s constant becomes time de-
pendent too [17]. For the models we consider here with
m & H, such a time variation can be safely neglected in
the Jordan frame. In the Einstein frame, the particle masses
vary accordingly in a negligible manner.
In the rest of this paper, we will only deal with one

particular family of models defined by the coupling
constant

! ¼ 1ffiffiffi
6

p (14)

and the mass of the scalar field, which is given by

mðaÞ ¼ m0a
$3ðnþ2Þ=2; (15)

where m0 is a free scale that will be chosen to be close to
1 Mpc$1 and n > 0. In the matter dominated epoch, these
models are equivalent to fðRÞ theories in the large curva-
ture regime [17] where the fðRÞ correction to the Einstein-
Hilbert action reads [30]

fðRÞ ' $16&G$% $ fR0

n

R1þn
0

Rn (16)

and $% is the effective dark energy in the late time
Universe. In the recent past of the Universe, the mass of
the large curvature models differs slightly from (15); see
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modified-gravity effects only appear on scales such that
k * amðaÞ, i.e., when scales are within the Compton
wavelength of the scalar field. Outside the Compton wave-
length, GR is retrieved. These expressions are valid in the
Jordan frame where Newton’s constant becomes time de-
pendent too [17]. For the models we consider here with
m & H, such a time variation can be safely neglected in
the Jordan frame. In the Einstein frame, the particle masses
vary accordingly in a negligible manner.
In the rest of this paper, we will only deal with one

particular family of models defined by the coupling
constant

! ¼ 1ffiffiffi
6

p (14)

and the mass of the scalar field, which is given by

mðaÞ ¼ m0a
$3ðnþ2Þ=2; (15)

where m0 is a free scale that will be chosen to be close to
1 Mpc$1 and n > 0. In the matter dominated epoch, these
models are equivalent to fðRÞ theories in the large curva-
ture regime [17] where the fðRÞ correction to the Einstein-
Hilbert action reads [30]

fðRÞ ' $16&G$% $ fR0
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Rn (16)

and $% is the effective dark energy in the late time
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At the linear level, the perturbation equations of the
CDM fluid follow from the conservation of matter
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where the density contrast is # ¼ ð$m $ !$mÞ= !$m and
" ¼ @ivi is the divergence of the velocity field. We denote
by a prime the time derivative in conformal time %, with
d% ¼ dt=a and aðtÞ is the scale factor. The Euler equation
involves the Newtonian potential " and reads in Fourier
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where we denote Fourier-space quantities with a tilde. Here
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using the Newtonian gauge with two distinct potentials "
and #,
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and

(ðk; aÞ ¼ 1þ *ðk; aÞ
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where * measures the deviation from GR and is defined by
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(12)

and
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: (13)

This is an explicit parametrization, which shows that
modified-gravity effects only appear on scales such that
k * amðaÞ, i.e., when scales are within the Compton
wavelength of the scalar field. Outside the Compton wave-
length, GR is retrieved. These expressions are valid in the
Jordan frame where Newton’s constant becomes time de-
pendent too [17]. For the models we consider here with
m & H, such a time variation can be safely neglected in
the Jordan frame. In the Einstein frame, the particle masses
vary accordingly in a negligible manner.
In the rest of this paper, we will only deal with one

particular family of models defined by the coupling
constant

! ¼ 1ffiffiffi
6

p (14)

and the mass of the scalar field, which is given by

mðaÞ ¼ m0a
$3ðnþ2Þ=2; (15)

where m0 is a free scale that will be chosen to be close to
1 Mpc$1 and n > 0. In the matter dominated epoch, these
models are equivalent to fðRÞ theories in the large curva-
ture regime [17] where the fðRÞ correction to the Einstein-
Hilbert action reads [30]

fðRÞ ' $16&G$% $ fR0

n
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0

Rn (16)

and $% is the effective dark energy in the late time
Universe. In the recent past of the Universe, the mass of
the large curvature models differs slightly from (15); see
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of the scalar field

1) 5th force



2) f(R) theories

check that we recover the correct order of magnitude of the various effects we investigate. In
this section, we briefly present the two modified-gravity scenarios that we will consider.

2.1 f(R) theories

The f(R)-gravity theories are already very strongly constrained by cosmological and astro-
physical data, but they remain interesting as simple examples of modified-gravity effects on
the matter distribution. Moreover, they are the only case where numerical simulations of the
Lyman-α power spectrum have been performed [14]. This will allow us to check the validity
of our analytical modeling. More specifically, we concentrate on a class of f(R) theories of
the Hu-Sawicki [24] type, where the action is given by

Sf(R) =
1

16πGN

∫

d4x
√
−g f(R) (2.1)

with

f(R) = R− 2Λ2 − fR0

R2
0

R
, (2.2)

where Λ2/8πGN is the vacuum energy responsible for the late time acceleration of the Universe.
Here R0 is the Ricci curvature of the Universe now. We consider the cases of such f(R) theories
with fR0

= −10−4, −10−5 and −10−6.

2.2 K-mouflage models

The K-mouflage models are also scalar-tensor theories, but the additional scalar field is mass-
less and has a nonstandard kinetic term. This provides another simple example of modified-
gravity scenarios that includes an alternative screening mechanism. The f(R) theories give
rise to the chameleon screening mechanism [25, 26], where the additional scalar field obtains
a higher mass in high-density environments, which decreases the range of the fifth force and
screens compact objects. In contrast, the K-mouflage screening relies on a derivative screening
[27–29], due to the nonlinearity of the kinetic term, so that the fifth force is damped in regions
of large field gradients (or large Newtonian force), which gives rise to a K-mouflage radius
around compact objects within which one recovers General Relativity. On large linear scales,
from the point of view of the matter distribution, the main difference from the f(R) theories
is that the scalar field being massless there is no scale dependence for the linear growing
mode, as in the standard LCDM cosmology, but only a time-dependent amplification.

In contrast with the f(R) models, we cannot compare our results to numerical simu-
lations, which remain to be developed. However, on linear scales the K-mouflage scenarios
mostly differ from the LCDM cosmology by a time-dependent effective Newton constant,
without introducing new scales. Therefore, at a qualitative level, we can expect their large-
scale physics to remain even closer to the LCDM cosmology than for the f(R) theories, and
our modeling developed in the next sections should fare as well as for the f(R) theories.

The K-mouflage theories are characterised by the coupling of the scalar field to matter
βK and a Lagrangian kinetic function K(χ) that is nonlinear. This function must behave like
−1 when the kinetic energy of the scalar field is small in the late-time Universe, to play the
role of the cosmological constant. Moreover, it must also satisfy the stringent tests of gravity
in the Solar System, like the perihelion advance of the moon [30]. In this paper we take

K(0) = −1 and K ′(χ) = 1 +
K⋆χ2

χ2 + χ2
⋆
, (2.3)

– 3 –
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less and has a nonstandard kinetic term. This provides another simple example of modified-
gravity scenarios that includes an alternative screening mechanism. The f(R) theories give
rise to the chameleon screening mechanism [25, 26], where the additional scalar field obtains
a higher mass in high-density environments, which decreases the range of the fifth force and
screens compact objects. In contrast, the K-mouflage screening relies on a derivative screening
[27–29], due to the nonlinearity of the kinetic term, so that the fifth force is damped in regions
of large field gradients (or large Newtonian force), which gives rise to a K-mouflage radius
around compact objects within which one recovers General Relativity. On large linear scales,
from the point of view of the matter distribution, the main difference from the f(R) theories
is that the scalar field being massless there is no scale dependence for the linear growing
mode, as in the standard LCDM cosmology, but only a time-dependent amplification.

In contrast with the f(R) models, we cannot compare our results to numerical simu-
lations, which remain to be developed. However, on linear scales the K-mouflage scenarios
mostly differ from the LCDM cosmology by a time-dependent effective Newton constant,
without introducing new scales. Therefore, at a qualitative level, we can expect their large-
scale physics to remain even closer to the LCDM cosmology than for the f(R) theories, and
our modeling developed in the next sections should fare as well as for the f(R) theories.

The K-mouflage theories are characterised by the coupling of the scalar field to matter
βK and a Lagrangian kinetic function K(χ) that is nonlinear. This function must behave like
−1 when the kinetic energy of the scalar field is small in the late-time Universe, to play the
role of the cosmological constant. Moreover, it must also satisfy the stringent tests of gravity
in the Solar System, like the perihelion advance of the moon [30]. In this paper we take

K(0) = −1 and K ′(χ) = 1 +
K⋆χ2

χ2 + χ2
⋆
, (2.3)
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the Appendix for more details. The massm0 is given by the
useful relationship

m0 ¼
H0

c

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
!m0 þ 4!"0

ðnþ 1ÞjfR0
j

s
(17)

with c=H0 % 4 Gpc. Modifications of gravity must satisfy
m0c=H0 * 103 to comply with a loosely screened
Milky Way [31]. This also corresponds to jfR0

j less than
10&5, the case jfR0j ¼ 10&4 being marginal. When m0 is
too large, effects of modified gravity on the large scale
structure occur on very nonlinear scales. In the following,
we will use values of m0 ' 1 Mpc&1, which satisfy the
loose screening bound for the Milky Way and imply inter-
esting effects on the large scale structure.

We can also deduce now the two parametric functions

!ðk; aÞ ¼
4
3

k2

m2
0
as þ 1

k2

m2
0
as þ 1

(18)

and

"ðk; aÞ ¼
4
3

k2

m2
0
as þ 1

2
3

k2

m2
0
as þ 1

; (19)

where

s ¼ 3nþ 4: (20)

We will use the parametrization of #ðk; aÞ in the following
when we give numerical examples. More precisely, we will
consider the four cases ðn;m0Þ ¼ ð0; 0:1Þ, (0, 1), (1, 0.1),
and (1, 1), where m0 is given in units of Mpc&1. This
corresponds to the two scales m0 ¼ 0:1 and 1 Mpc&1 and
to the two exponents n ¼ 0 and 1. For these models we
should have n > 0 [see Eq. (16)], and the choice n ¼ 0 for
our numerical computations is only meant to exemplify the
case of small n, that is, s ! 4. The scales we consider are
of the same order as the ones used so far in N-body
simulations where jfR0j ¼ 10&4, 10&5, 10&6 and n ¼ 1.
We will give a qualitative comparison with these numerical
results; especially we will briefly analyze the difference
between the full numerical simulations, the no-chameleon
case where the chameleon effects in the dense region is
neglected, and our resummation method in the Appendix.
There we analyze the fðRÞ models where we take into
account the late time effect of the cosmological constant
on the mass function mðaÞ. A more quantitative compari-
son is left for future work.

III. PERTURBATIVE DYNAMICS

A. Hydrodynamical perturbations

As explained in the previous section and in the
Introduction, we consider models where the continuity
and the Euler equations are only modified by the nontrivial
relationship between the two Newtonian potentials.

Formally, these equations have the same structure as in
GR. When interpreted in terms of scalar field models, new
nonlinearities should appear in the Euler equation.
However, the analysis of their role is left for future work.
Then, the continuity and Euler equations read in Fourier
space as

@ ~$

@%
ðk;%Þþ ~&ðk;%Þ

¼&
Z
dk1dk2$Dðk1þk2&kÞ'ðk1;k2Þ

( ~&ðk1;%Þ~$ðk2;%Þ; (21)

@~&

@%
ðk; %Þ þH ~&ðk; %Þ þ 3!m

2
H 2½1þ #ðk; %Þ* ~$ðk; %Þ

¼ &
Z

dk1dk2$Dðk1 þ k2 & kÞ(ðk1;k2Þ

( ~&ðk1; %Þ~&ðk2; %Þ; (22)

which are the nonlinear generalizations of Eqs. (1) and (2),
with the parametrization (9). The kernels ' and ( are
given by

'ðk1;k2Þ ¼
ðk1 þ k2Þ + k1

k21
;

(ðk1;k2Þ ¼
jk1 þ k2j2ðk1 + k2Þ

2k21k
2
2

:

(23)

In this paper we are mostly interested in the recent
Universe on large scales; hence we do not distinguish
between the dark matter and the baryons that are treated
as usual as a single collisionless fluid. These equations are
only a first approximation of the dynamics of modified
gravity on subhorizon scales. Indeed, nonlinearities in the
potential and coupling function of the scalar field inducing
the modification of gravity imply that the full dynamics
should be described by the fluid equations for CDM parti-
cles and the Klein-Gordon equation for the scalar field.
Here we consider only the linear part of the scalar field
dynamics, which is tantamount to treating the scalar
field as massive with a linear coupling to matter. When
the mass of the scalar field is large enoughmðaÞ , H, this
allows one to integrate out the scalar dynamics and reduce
the equations of motion to the previous ones with a modi-
fied Newton constant. A priori, this procedure can be
carried out to all orders, taking into account the higher
derivatives of the scalar field potential and coupling func-
tion at the minimum of the effective potential describing
the background cosmology. Explicitly, this has been car-
ried out to the one-loop level in the scalar field perturba-
tion, resulting in an effective dynamics, once the scalar
field effects have been integrated out, with a modified
(ðk1;k2Þ [22]. The effect of this new contribution will
be taken into account in a forthcoming publication.
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Figure 5. Left panel: relative deviation from the LCDM prediction of the matter power spectrum
given by an f(R) theory with fR0

= −10−5, at redshift z = 3. We show the linear power spectrum (L)
and the truncated Zeldovich power spectrum (Ztrunc). Right panel: case of the K-mouflage model.
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Figure 6. Left panel: relative deviation from the LCDM prediction of the growth rate f given by
an f(R) theory with fR0

= −10−5, at redshift z = 3. Right panel: case of the K-mouflage model.

matter density perturbations but saturates beyond ktrunc ≃ 10h/Mpc, as it does not describe
the inner parts of collapsed halos. It mainly follows the standard Zeldovich approximation
up to its peak and remains constant at higher k. We can check that the result is not sensitive
to the exponent ν of the cutoff used for the truncation of the linear power spectrum.

Second, the cutoff e−(k/ks)2 corresponds to the damping of density fluctuations in the
gas by its nonzero pressure. We can see in the right panel in Fig. 4 the strong falloff at high-k
beyond the Jeans wave number ks ∼ 20h/Mpc. However, this is a relatively small-scale effect
and it does not impact the linear and weakly nonlinear growths of the IGM power spectrum.
The power spectrum PIGM(k) shown in the right panel in Fig. 4 corresponds to the density
field δs with the PDF P(δs) displayed in Fig. 1, which led to the flux PDF shown in Fig. 1.
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4.2 Matter power spectrum for modified-gravity theories

We show in Fig. 5 the relative deviations of the linear and truncated Zeldovich power spectra
from the LCDM prediction. The amplification of the growth of structure is due to the fifth
force mediated by the scalar field, and in the K-mouflage model also to the running of Newton’s
constant with redshift, which now depends on the background value of the scalar field.

For the f(R) theories, the relative deviation of PL(k) grows at higher k, because of the
mass of the scalar field which yields a characteristic scale dependence of the linear growing
mode. Moreover, at linear order there is no chameleon screening mechanism, which reduces
the deviation of the nonlinear power spectrum on small scales. The deviation of the truncated
Zeldovich power spectrum peaks at the nonlinear scale and decreases at higher k. This is due
to the universal flat plateau already shown in Fig. 4. In practice, this also means that we do
not need to include explicitly the nonlinear chameleon mechanism, as the deviation associated
with nonlinear scales is already damped. Because we take the same IGM temperature for all
cosmological scenarios, the relative deviation of the IGM power spectrum (4.1) coincides with
that of the truncated Zeldovich power spectrum.

In contrast, for the K-mouflage scenario where the vanishing scalar-field mass prevents
any scale dependence at linear order, the relative deviation of the linear matter power spec-
trum is independent of wave number. Then, the relative deviation of the truncated Zeldovich
power spectrum is constant at low k and decreases again at high k because of its universal
plateau.

We also show in Fig. 6 the relative deviations of the linear growth rate f(k, a)

f(k, a) =
∂ lnD+

∂ ln a
(k, a). (4.3)

As for the linear power spectrum, the relative deviation of the growth rate f(k, a) grows with
k for the f(R) theories, while it is scale independent for the K-mouflage model. For the latter
model, the magnitude of δP/P and δf/f are directly set by the coupling constant βK .

4.3 Lyman-α power spectrum PδF (k)

We assume that the Lyman-α flux-decrement power spectrum PδF (k, z) can be written in
terms of the IGM density power spectrum PIGM as

PδF (k, z) = b2δF(1 + βµ2)2 PIGM(k)/(1 + f |kµ|/kNL) e
−(kµ/kth)2 , (4.4)

where µ = k ·ez/k is the cosine of the wave number direction with respect to the line of sight,
bδF the bias, β the large-scale anisotropy parameter associated with redshift-space distortions,
and kth the thermal broadening cutoff wave number. The anisotropic µ-dependent terms arise
from redshift-space distortions, due to the amplification or damping of fluctuations measured
along the line of sight because of the radial velocity fluctuations. Indeed, the mapping from
real space x to redshift space s writes as

s = x+
v∥
aH

ez, (4.5)

where v∥ is the radial peculiar velocity. Then, the velocity dispersion at a given position x

redistributes the matter at x over a nonzero width along the radial redshift-space coordinate
s∥. This leads to a smoothing of real-space density fluctuations and a damping of the redshift-

space power spectrum at high k. The factor e−(kµ/kth)2 describes the smoothing by the termal
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structure for two K-mouflage models: the cubic and arctan
models. In Sec. V, we turn to galaxy clusters and their
properties, focusing on the physics of the gas embedded in
the clusters. In Sec. VI, we discuss in details the similarity
and differences between the K-mouflage scenarios and
other modified-gravity theories. We conclude in Sec. VII.
A derivation of the equations of motion in the Einstein

frame is given in Appendix A, while details on the Einstein–
Jordan connection can be found in Appendix B. We discuss
unitarity constraints in Appendix C.

II. DEFINITION OF K-MOUFLAGE MODELS

A. Jordan-frame and Einstein-frame metrics

We consider scalar-field models where the action has the
form [1,2]

S ¼
Z

d4x
ffiffiffiffiffiffi
−~g

p "
~M2
Pl

2
~Rþ ~LφðφÞ

#

þ
Z

d4x
ffiffiffiffiffiffi−gp

Lmðψ
ðiÞ
m ; gμνÞ; ð1Þ

which involves two metrics, the Jordan-frame metric gμν,
with determinant g, and the Einstein-frame metric ~gμν, with
determinant ~g. The matter Lagrangian density, Lm, where
ψ ðiÞ
m are various matter fields, is given in the Jordan frame,

where it takes the usual form without explicit coupling to
the scalar field (although one could add explicit couplings
to build more complex models). The gravitational sector is
described by the usual Einstein–Hilbert action, but in terms
of the Einstein-frame metric ~gμν and the associated reduced

Planck mass ~MPl ¼ 1=
ffiffiffiffiffiffiffiffi
8π ~G

p
. The Lagrangian density

~LφðφÞ of the scalar field is also given in the Einstein frame.
Throughout this paper, we denote Einstein-frame quan-

tities with a tilde, to distinguish them from their Jordan-
frame counterparts (when they are not identical). We
choose this notation, which is the opposite to the one used
in our previous papers [7,8,11,12] where we mostly worked
in the Einstein frame, as here we mostly work in the
Jordan frame.
If the two metrics were identical, this model would be a

simple quintessence scenario [14,15], with an additional
scalar field to the usual matter and radiation components
but with standard electrodynamics and gravity (General
Relativity). In this paper, we consider modified-gravity
models where the two metrics are related by the conformal
transformation [16]

gμν ¼ A2ðφÞ~gμν: ð2Þ

This gives rise to an explicit coupling between matter
and the scalar field. In the Einstein frame, we recover
General Relativity (e.g., the Friedmann equations), but the
equations of motion of matter are nonstandard (e.g., the

continuity equation shows a source term, and matter
density is not conserved). In the Jordan frame, the equa-
tions of motion of matter take the usual form (e.g., matter
density is conserved), but gravity is modified (e.g., the
Friedmann equations are modified). In this paper, we
compute the properties of astrophysical objects such as
clusters of galaxies, including their temperature and x-ray
luminosity, and it is more convenient to work in the Jordan
frame. Then, radiative processes, such as bremsstrahlung,
are given by the standard results and do not vary with time
or space. Moreover, matter density is conserved. This
simplifies the analysis, as the only difference from a
Λ-CDM scenario will be a change of gravity laws, which
can be explicitly derived from the action (1).
The conformal transformation (2) actually means that

the line elements are transformed as ds2 ¼ A2d~s2. Using
conformal time τ and comoving coordinates x, this local
change of distance can be absorbed in the scale factor for
the background universe as

ds2 ¼ a2ð−dτ2 þ dx2Þ; d~s2 ¼ ~a2ð−dτ2 þ dx2Þ; ð3Þ

with

a ¼ Ā ~a; τ ¼ ~τ; x ¼ ~x: ð4Þ

[Throughout this paper, we denote with an overbar mean
background quantities, such as Ā ¼ Aðφ̄Þ.] However,
physical time t and distances r, with ds2 ¼ −dt2 þ dr2,
are changed as

dt ¼ Ād~t; r ¼ ax ¼ Ā ~r : ð5Þ

In particular, the cosmic times t and ~t are not the same in
both frames.

B. K-mouflage kinetic function

In this paper, we consider K-mouflage models [1,2,7],
which correspond to cases where the scalar-field Lagrangian
has a nonstandard kinetic term,

~LφðφÞ ¼ M4Kð~χÞ with ~χ ¼ −
1

2M4
~∇μφ ~∇μφ: ð6Þ

Throughout this paper, ~∇μð∇μÞ is the covariant derivative
associated with the metric ~gμνðgμνÞ (hence, χ ¼ A−2 ~χ, but we
work with ~χ in the following). Here, M4 is an energy scale
that is of the order of the current dark-energy density (i.e., set
by the cosmological constant) to recover the late-time
accelerated expansion of the Universe. Thus, the canonical
cosmological behavior, with a cosmological constant
~ρΛ ¼ M4, is recovered at late time in the weak-~χ limit if
we have

~χ → 0∶ Kð~χÞ≃ −1þ ~χ þ…; ð7Þ
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A derivation of the equations of motion in the Einstein

frame is given in Appendix A, while details on the Einstein–
Jordan connection can be found in Appendix B. We discuss
unitarity constraints in Appendix C.

II. DEFINITION OF K-MOUFLAGE MODELS

A. Jordan-frame and Einstein-frame metrics

We consider scalar-field models where the action has the
form [1,2]

S ¼
Z

d4x
ffiffiffiffiffiffi
−~g

p "
~M2
Pl

2
~Rþ ~LφðφÞ

#

þ
Z

d4x
ffiffiffiffiffiffi−gp

Lmðψ
ðiÞ
m ; gμνÞ; ð1Þ

which involves two metrics, the Jordan-frame metric gμν,
with determinant g, and the Einstein-frame metric ~gμν, with
determinant ~g. The matter Lagrangian density, Lm, where
ψ ðiÞ
m are various matter fields, is given in the Jordan frame,

where it takes the usual form without explicit coupling to
the scalar field (although one could add explicit couplings
to build more complex models). The gravitational sector is
described by the usual Einstein–Hilbert action, but in terms
of the Einstein-frame metric ~gμν and the associated reduced

Planck mass ~MPl ¼ 1=
ffiffiffiffiffiffiffiffi
8π ~G

p
. The Lagrangian density

~LφðφÞ of the scalar field is also given in the Einstein frame.
Throughout this paper, we denote Einstein-frame quan-

tities with a tilde, to distinguish them from their Jordan-
frame counterparts (when they are not identical). We
choose this notation, which is the opposite to the one used
in our previous papers [7,8,11,12] where we mostly worked
in the Einstein frame, as here we mostly work in the
Jordan frame.
If the two metrics were identical, this model would be a

simple quintessence scenario [14,15], with an additional
scalar field to the usual matter and radiation components
but with standard electrodynamics and gravity (General
Relativity). In this paper, we consider modified-gravity
models where the two metrics are related by the conformal
transformation [16]

gμν ¼ A2ðφÞ~gμν: ð2Þ

This gives rise to an explicit coupling between matter
and the scalar field. In the Einstein frame, we recover
General Relativity (e.g., the Friedmann equations), but the
equations of motion of matter are nonstandard (e.g., the

continuity equation shows a source term, and matter
density is not conserved). In the Jordan frame, the equa-
tions of motion of matter take the usual form (e.g., matter
density is conserved), but gravity is modified (e.g., the
Friedmann equations are modified). In this paper, we
compute the properties of astrophysical objects such as
clusters of galaxies, including their temperature and x-ray
luminosity, and it is more convenient to work in the Jordan
frame. Then, radiative processes, such as bremsstrahlung,
are given by the standard results and do not vary with time
or space. Moreover, matter density is conserved. This
simplifies the analysis, as the only difference from a
Λ-CDM scenario will be a change of gravity laws, which
can be explicitly derived from the action (1).
The conformal transformation (2) actually means that

the line elements are transformed as ds2 ¼ A2d~s2. Using
conformal time τ and comoving coordinates x, this local
change of distance can be absorbed in the scale factor for
the background universe as

ds2 ¼ a2ð−dτ2 þ dx2Þ; d~s2 ¼ ~a2ð−dτ2 þ dx2Þ; ð3Þ

with

a ¼ Ā ~a; τ ¼ ~τ; x ¼ ~x: ð4Þ

[Throughout this paper, we denote with an overbar mean
background quantities, such as Ā ¼ Aðφ̄Þ.] However,
physical time t and distances r, with ds2 ¼ −dt2 þ dr2,
are changed as

dt ¼ Ād~t; r ¼ ax ¼ Ā ~r : ð5Þ

In particular, the cosmic times t and ~t are not the same in
both frames.

B. K-mouflage kinetic function

In this paper, we consider K-mouflage models [1,2,7],
which correspond to cases where the scalar-field Lagrangian
has a nonstandard kinetic term,

~LφðφÞ ¼ M4Kð~χÞ with ~χ ¼ −
1

2M4
~∇μφ ~∇μφ: ð6Þ

Throughout this paper, ~∇μð∇μÞ is the covariant derivative
associated with the metric ~gμνðgμνÞ (hence, χ ¼ A−2 ~χ, but we
work with ~χ in the following). Here, M4 is an energy scale
that is of the order of the current dark-energy density (i.e., set
by the cosmological constant) to recover the late-time
accelerated expansion of the Universe. Thus, the canonical
cosmological behavior, with a cosmological constant
~ρΛ ¼ M4, is recovered at late time in the weak-~χ limit if
we have

~χ → 0∶ Kð~χÞ≃ −1þ ~χ þ…; ð7Þ
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physical time t and distances r, with ds2 ¼ −dt2 þ dr2,
are changed as
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where the dots stand for higher-order terms, the zeroth-order
factor −1 corresponding to the late-time cosmological
constant M4. The normalization of the first two terms in
Eq. (7) defines the normalizations of the constantM4 and of
the field φ, and hence it does not entail any loss of generality
(within this class of models). We only consider models that
satisfy this low-~χ expansion in this article, and where ~̄χ → ∞
for ~t → 0 and ~̄χ → 0 for ~t → ∞.
Well-behaved K-mouflage scenarios have K0 > 0, where

we denote K0 ¼ dK=d~χ, and W"ðyÞ ¼ yK0ð"y2=2Þ must
be monotonically increasing functions up to þ∞ over
y ≥ 0. This ensures that the cosmological dynamics are
well defined up to arbitrarily high redshift, where the matter
density becomes increasingly large, and that small-scale
static solutions exist for any matter density profile [11].
Moreover, there are no ghosts around the cosmological
background nor small-scale instabilities [7].
We must point out that the kinetic functions Kð~χÞ that we

use for numerical computations and illustrative purposes in
this paper are defined by fully nonlinear expressions, namely
Eqs. (71) and (74) below, and as such go beyond the low-~χ
expansion (7). As explained above, the latter expansion is
very general and holds for well-behaved models, where
K0 > 0 for all ~χ and W"ðyÞ ¼ yK0ð"y2=2Þ are monoton-
ically increasing functions of y. The expansion (7) would
only be violated if K0 diverges at low ~χ, e.g.,
Kð~χÞ ¼ −1þ ~χ3=4 þ…, but we do not consider such
singular cases here.
Then, it happens that at at low redshifts, in the dark-

energy era, ~χ [with its normalization defined by the first two
coefficients in the expansion (7)] is small on cosmological
scales, which implies K0 ≃ 1. This holds both for the
homogeneous background and for the cosmological large-
scale structures. This property is related to the fact that at
low redshifts, in the dark-energy era, we require the
cosmological evolution to remain close to the Λ-CDM
behavior. From the expressions (17), we can see that this
implies ~̄χK̄0 ≪ K̄ (to recover a dark-energy equation of
state p̄de ≃ −ρ̄de) whence ~̄χ ≪ 1. In fact, at low z, we have
the scaling ~̄χ ∼ β2, where β is the coupling strength defined
in Eq. (9) below, so that ~̄χ ∼ 0.01 as we take β ¼ 0.1. We
shall check this behavior in Fig. 4 below.
We shall also check in Sec. V B and Fig. 13 below that

this also applies to clusters of galaxies at low redshifts,
which are not screened by the nonlinearities of the scalar-
field Lagrangian, in spite of their large mass. This would
not be the case for a coupling β ≫ 0.1, but this would
violate some Solar System and cosmological constraints,
and we do not consider such models here.
Nevertheless, the nonlinearities of the kinetic function

Kð~χÞ come into play at high redshift and are taken into
account in our computations, using the explicit nonlinear
examples (71) and (74). This ensures in particular that the
dark-energy density becomes subdominant at high z and
that we recover the Einstein–de Sitter cosmology in the

early matter era [7]. Moreover, the background solution can
be shown to be stable and is a tracker solution [7]. The
nonlinearities on the far negative semiaxis, −~χ ≫ 1, also
play a critical role to ensure that Solar System tests of
gravity are satisfied by the K-mouflage model, but we do
not consider this regime in this paper.
Although K-mouflage theories involve high-order

derivative interactions, they do not suffer from quantum-
mechanical problems such unitarity violation in their inter-
action with matter [17,18], as explained in Appendix C.

C. K-mouflage coupling function

The coupling function AðφÞ has the low-φ expansion

AðφÞ ¼ 1þ βφ
~MPl

þ…; ð8Þ

where the dots stand for higher-order terms. The normali-
zation of the first term does not entail any loss of generality
and only corresponds to a normalization of coordinates. At
early times, ~t → 0, we have φ̄ → 0 and gμν → ~gμν. More
generally, we define the coupling β as

βðφÞ ¼ ~MPl
d lnA
dφ

: ð9Þ

It is constant for exponential coupling functions,
AðφÞ ¼ exp½βφ= ~MPl'. Without loss of generality, we take
β > 0 (which simply defines the sign of the scalar field φ).
Cosmological and Solar System constraints imply

β ≲ 0.1; see Ref. [12]. Moreover, we have the scaling
jβφ̄= ~MPlj ∼ β2 ≪ 1, see Ref. [7], as we shall check in Fig. 4
below (see also Ref. [9]). Therefore, in realistic models, we
have jĀ − 1j≲ 0.1, and the higher-order terms in the
expansion (8) only have a small quantitative impact. We
shall also check in Fig. 13 below that the fluctuations of the
scalar field are small, jφ − φ̄j ≪ jφ̄j, so that the coupling
function AðφÞ remains dominated by the low-order terms of
the expansion (8) in clusters of galaxies (and at smaller
scales). This can be readily understood from the fact that
realistic models should have a fifth force that is not greater
than the standard Newtonian force. This typically implies
jδA=Aj≲ jΨNj, where ΨN is the Newtonian potential,
whence jβδφ= ~MPlj ≲ 10−5.

D. Equations of motion in the Einstein frame

Observable effects, such as lensing or two point corre-
lations that can be measured, are independent of the choice
of frame, so that we can work in either the Einstein or the
Jordan frame. As explained in the Introduction, for our
purposes, the Jordan frame is more convenient and more
transparent. Indeed, in this frame, both the matter and
radiation components obey their usual equations of
motion; e.g., the matter energy-momentum tensor satisfies
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coupling of matter to the scalar field:

nonlinear kinetic function (screening):

linear (unscreened) regime:

no potential zero mass long range, scale-independent

Relative deviation of the linear 
growth-rate from LCDM:

4.2 Matter power spectrum for modified-gravity theories

We show in Fig. 5 the relative deviations of the linear and truncated Zeldovich power spectra
from the LCDM prediction. The amplification of the growth of structure is due to the fifth
force mediated by the scalar field, and in the K-mouflage model also to the running of Newton’s
constant with redshift, which now depends on the background value of the scalar field.

For the f(R) theories, the relative deviation of PL(k) grows at higher k, because of the
mass of the scalar field which yields a characteristic scale dependence of the linear growing
mode. Moreover, at linear order there is no chameleon screening mechanism, which reduces
the deviation of the nonlinear power spectrum on small scales. The deviation of the truncated
Zeldovich power spectrum peaks at the nonlinear scale and decreases at higher k. This is due
to the universal flat plateau already shown in Fig. 4. In practice, this also means that we do
not need to include explicitly the nonlinear chameleon mechanism, as the deviation associated
with nonlinear scales is already damped. Because we take the same IGM temperature for all
cosmological scenarios, the relative deviation of the IGM power spectrum (4.1) coincides with
that of the truncated Zeldovich power spectrum.

In contrast, for the K-mouflage scenario where the vanishing scalar-field mass prevents
any scale dependence at linear order, the relative deviation of the linear matter power spec-
trum is independent of wave number. Then, the relative deviation of the truncated Zeldovich
power spectrum is constant at low k and decreases again at high k because of its universal
plateau.

We also show in Fig. 6 the relative deviations of the linear growth rate f(k, a)

f(k, a) =
∂ lnD+

∂ ln a
(k, a). (4.3)

As for the linear power spectrum, the relative deviation of the growth rate f(k, a) grows with
k for the f(R) theories, while it is scale independent for the K-mouflage model. For the latter
model, the magnitude of δP/P and δf/f are directly set by the coupling constant βK .

4.3 Lyman-α power spectrum PδF (k)

We assume that the Lyman-α flux-decrement power spectrum PδF (k, z) can be written in
terms of the IGM density power spectrum PIGM as

PδF (k, z) = b2δF(1 + βµ2)2 PIGM(k)/(1 + f |kµ|/kNL) e
−(kµ/kth)2 , (4.4)

where µ = k ·ez/k is the cosine of the wave number direction with respect to the line of sight,
bδF the bias, β the large-scale anisotropy parameter associated with redshift-space distortions,
and kth the thermal broadening cutoff wave number. The anisotropic µ-dependent terms arise
from redshift-space distortions, due to the amplification or damping of fluctuations measured
along the line of sight because of the radial velocity fluctuations. Indeed, the mapping from
real space x to redshift space s writes as

s = x+
v∥
aH

ez, (4.5)

where v∥ is the radial peculiar velocity. Then, the velocity dispersion at a given position x

redistributes the matter at x over a nonzero width along the radial redshift-space coordinate
s∥. This leads to a smoothing of real-space density fluctuations and a damping of the redshift-

space power spectrum at high k. The factor e−(kµ/kth)2 describes the smoothing by the termal
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Figure 5. Left panel: relative deviation from the LCDM prediction of the matter power spectrum
given by an f(R) theory with fR0

= −10−5, at redshift z = 3. We show the linear power spectrum (L)
and the truncated Zeldovich power spectrum (Ztrunc). Right panel: case of the K-mouflage model.
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Figure 6. Left panel: relative deviation from the LCDM prediction of the growth rate f given by
an f(R) theory with fR0

= −10−5, at redshift z = 3. Right panel: case of the K-mouflage model.

matter density perturbations but saturates beyond ktrunc ≃ 10h/Mpc, as it does not describe
the inner parts of collapsed halos. It mainly follows the standard Zeldovich approximation
up to its peak and remains constant at higher k. We can check that the result is not sensitive
to the exponent ν of the cutoff used for the truncation of the linear power spectrum.

Second, the cutoff e−(k/ks)2 corresponds to the damping of density fluctuations in the
gas by its nonzero pressure. We can see in the right panel in Fig. 4 the strong falloff at high-k
beyond the Jeans wave number ks ∼ 20h/Mpc. However, this is a relatively small-scale effect
and it does not impact the linear and weakly nonlinear growths of the IGM power spectrum.
The power spectrum PIGM(k) shown in the right panel in Fig. 4 corresponds to the density
field δs with the PDF P(δs) displayed in Fig. 1, which led to the flux PDF shown in Fig. 1.
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Both the background and the perturbations are slightly perturbed. 



C- IGM power spectrum

K-mouflage model is closer to the LCDM cosmology, in the sense that the linear growth rate
does not depend on wave number and outside of galaxies the modification of gravity only
corresponds to a small time dependence of Newton’s constant, we can expect our modeling
of P(F ) to fare at least as well for this scenario. However, for the f(R) theories we can see
that we underestimate the negative deviation at F ≃ 0.8 by a factor 2. This could be due
in parts to the neglect of redshift-space effects. However, since the deviations are typically
smaller than the 1σ errorbars of the observations, we do not try to extend our modeling of
P(F ) to redshift-space. Indeed, the small amplitude of δP/P means that the Lyman-α flux
PDF is not a competitive probe of modified-gravity models.

4 Lyman-α flux decrement power spectrum

Fitting formulas for the power spectrum PδF (k) of the Lyman-α forest flux decrement δF are
usually written in terms of the power spectrum PL(k) of the linear matter density contrast at
the same redshift, multiplied by several cutoffs and amplification factors [19, 39]. These factors
account for several effects, such as the bias between the neutral hydrogen gas distribution and
the total matter distribution, thermal broadening, redshift-space distortions, the nonlinear
growth of density fluctuations,..., and are obtained from fits to numerical simulations. In this
paper, we also use such cutoffs, which we do not accurately predict but have realistic orders of
magnitude and are fitted to simulations and observations. However, we do not introduce an
ad-hoc amplification factor and we model the effects associated with the nonlinearity of the
underlying density field by an analytical model based on a truncated Zeldovich approximation.
This scheme cannot reach the accuracy of dedicated hydrodynamical numerical simulations,
but we can hope that it captures some of the dependence on the primordial matter power
spectrum and the growth of large-scale density perturbations.

4.1 IGM power spectrum PIGM(k)

As in section 3 and Eq.(3.2) for the flux PDF, we follow the common description of the Lyman-
α forest as due to fluctuations in a continuous intergalactic medium (IGM) [40–42] instead of
a set of discrete objects. Thus, we first express the real-space IGM density power spectrum
of the neutral hydrogen gas in terms of the primordial matter density power spectrum as

PIGM(k) = PZtrunc(k) e
−(k/ks)2 , (4.1)

where PZtrunc(k) is a truncated Zeldovich power spectrum [43–45] and ks is the smoothing
wave number introduced in Eq.(3.3). We define this truncated Zeldovich power spectrum
as the standard Zeldovich power spectrum PZ(k) associated with a truncated linear power
spectrum PLtrunc(k), instead of the genuine primordial linear power spectrum PL(k),

PZtrunc = max
ktrunc

PZ[PLtrunc] with PLtrunc(k) = PL(k)/(1 + k2/k2trunc)
2. (4.2)

An alternative approach would be to use a lognormal model for the IGM density field, written
as δIGM ∝ eδL , and to use simulations to obtain the statistical properties of this lognormal
field [40]. The advantage of our approach (4.1) is that it directly provides the power spectrum,
without the need of numerical simulations.

It has been noticed for a long time that using a truncated linear power spectrum instead
of the full linear power spectrum in the Zeldovich mapping provides a better description of
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Figure 4. Left panel: logarithmic power ∆2(k) for the linear power spectrum (L), a nonlinear model
(NL), the standard Zeldovich approximation (Z), and two truncated linear power spectra (Ltrunc)
and their associated Zeldovich approximations (Ztrunc). Right panel: the IGM model (4.1).

large-scale structures; it actually fares better than both the linear and lognormal approxi-
mations [46]. Indeed, the initial power at high wavenumbers gives rise to artificially large
displacements in the Zeldovich mapping, where particles simply follow their linear trajecto-
ries. This leads to particles moving beyond collapsed structures, instead of turning back and
oscillating in gravitational potential wells, which gives rise to a steep free-streaming cutoff of
the predicted nonlinear power spectrum, instead of the actual amplification associated with
the collapse into virialized halos. Then, truncating the initial power at high k reduces this
effect and enables one to recover the structure of the cosmic web [46]. Of course, such a
scheme cannot describe the inner parts of the virialized halos. However, this is well suited to
our purposes. Indeed, Lyman-α forest clouds consist of mildly nonlinear density fluctuations,
typically associated with filaments or the outer parts of collapsed structures. Therefore, re-
moving high-density collapsed regions is actually required to focus on the Lyman-α forest.
Moreover, the maximization in Eq.(4.2) implies that the truncation wave number ktrunc that
determines PLtrunc is defined as the one that maximizes k3PZtrunc(k) at high k. Indeed, for
large ktrunc, i.e. ktrunc ≫ kNL where kNL is the nonlinear transition scale with ∆2

L(k) ∼ 1
(∆2 = 4πk3P is the logarithmic power that also measures the variance of density fluctuations
at scale 1/k), we recover the primordial linear power spectrum and the artificial smoothing
of nonlinear structures. For small ktrunc, i.e. ktrunc ≪ kNL, we already remove power in the
linear regime and prevent the formation of mildly nonlinear structures. For ktrunc ∼ kNL,
we maximize the resulting Zeldovich power spectrum PZtrunc, which shows a universal tail
PZtrunc(k) ∝ k−3, i.e. a flat ∆2

Ztrunc(k) at high k. This captures the self-induced truncation of
the mildly nonlinear density power spectrum we consider; the truncation is associated with
the removal of high-density virialized regions, the formation of which is set by the onset of the
nonlinear regime. This natural prescription also avoids introducing an additional free param-
eter ktrunc. This also ensures that the resulting power spectrum PZtrunc is not very sensitive
to the form of the cutoff 1/(1 + k2/k2trunc)

ν , where we could as well take ν = 1 or 4. Thus,
we show in the left panel in Fig. 4 the power spectra obtained without truncation and with
truncation, either with ν = 2 (crosses) or ν = 4 (squares). We can see that at redshift z = 3
the truncated Zeldovich approximation captures some of the nonlinear amplification of the
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matter density perturbations but saturates beyond ktrunc ≃ 10h/Mpc, as it does not describe
the inner parts of collapsed halos. It mainly follows the standard Zeldovich approximation
up to its peak and remains constant at higher k. We can check that the result is not sensitive
to the exponent ν of the cutoff used for the truncation of the linear power spectrum.

Second, the cutoff e−(k/ks)2 corresponds to the damping of density fluctuations in the
gas by its nonzero pressure. We can see in the right panel in Fig. 4 the strong falloff at high-k
beyond the Jeans wave number ks ∼ 20h/Mpc. However, this is a relatively small-scale effect
and it does not impact the linear and weakly nonlinear growths of the IGM power spectrum.
The power spectrum PIGM(k) shown in the right panel in Fig. 4 corresponds to the density
field δs with the PDF P(δs) displayed in Fig. 1, which led to the flux PDF shown in Fig. 1.
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running of Newton’s constant with redshift, which now depends on the background value of
the scalar field.

For the f(R) theories, the relative deviation of P
L

(k) grows at higher k, because of the
mass of the scalar field which yields a characteristic scale dependence of the linear growing
mode. Moreover, at linear order there is no chameleon screening mechanism, which would
reduce the deviation of the nonlinear power spectrum on small scales. The deviation of the
truncated Zeldovich power spectrum peaks at the nonlinear scale and decreases at higher
k. This is due to the universal flat plateau already shown in figure 4. In practice, this also
means that we do not need to include explicitly the nonlinear chameleon mechanism, as the
deviation associated with nonlinear scales is already damped. Because we take the same
IGM temperature for all cosmological scenarios, the relative deviation of the IGM power
spectrum (4.1) coincides with that of the truncated Zeldovich power spectrum.

In contrast, for the K-mouflage scenario where the vanishing scalar-field mass prevents
any scale dependence at linear order, the relative deviation of the linear matter power spec-
trum is independent of wave number. Then, the relative deviation of the truncated Zel-
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4.2 Matter power spectrum for modified-gravity theories

We show in Fig. 5 the relative deviations of the linear and truncated Zeldovich power spectra
from the LCDM prediction. The amplification of the growth of structure is due to the fifth
force mediated by the scalar field, and in the K-mouflage model also to the running of Newton’s
constant with redshift, which now depends on the background value of the scalar field.

For the f(R) theories, the relative deviation of PL(k) grows at higher k, because of the
mass of the scalar field which yields a characteristic scale dependence of the linear growing
mode. Moreover, at linear order there is no chameleon screening mechanism, which reduces
the deviation of the nonlinear power spectrum on small scales. The deviation of the truncated
Zeldovich power spectrum peaks at the nonlinear scale and decreases at higher k. This is due
to the universal flat plateau already shown in Fig. 4. In practice, this also means that we do
not need to include explicitly the nonlinear chameleon mechanism, as the deviation associated
with nonlinear scales is already damped. Because we take the same IGM temperature for all
cosmological scenarios, the relative deviation of the IGM power spectrum (4.1) coincides with
that of the truncated Zeldovich power spectrum.

In contrast, for the K-mouflage scenario where the vanishing scalar-field mass prevents
any scale dependence at linear order, the relative deviation of the linear matter power spec-
trum is independent of wave number. Then, the relative deviation of the truncated Zeldovich
power spectrum is constant at low k and decreases again at high k because of its universal
plateau.

We also show in Fig. 6 the relative deviations of the linear growth rate f(k, a)

f(k, a) =
∂ lnD+

∂ ln a
(k, a). (4.3)

As for the linear power spectrum, the relative deviation of the growth rate f(k, a) grows with
k for the f(R) theories, while it is scale independent for the K-mouflage model. For the latter
model, the magnitude of δP/P and δf/f are directly set by the coupling constant βK .

4.3 Lyman-α power spectrum PδF (k)

We assume that the Lyman-α flux-decrement power spectrum PδF (k, z) can be written in
terms of the IGM density power spectrum PIGM as

PδF (k, z) = b2δF(1 + βµ2)2 PIGM(k)/(1 + f |kµ|/kNL) e
−(kµ/kth)2 , (4.4)

where µ = k ·ez/k is the cosine of the wave number direction with respect to the line of sight,
bδF the bias, β the large-scale anisotropy parameter associated with redshift-space distortions,
and kth the thermal broadening cutoff wave number. The anisotropic µ-dependent terms arise
from redshift-space distortions, due to the amplification or damping of fluctuations measured
along the line of sight because of the radial velocity fluctuations. Indeed, the mapping from
real space x to redshift space s writes as

s = x+
v∥
aH

ez, (4.5)

where v∥ is the radial peculiar velocity. Then, the velocity dispersion at a given position x

redistributes the matter at x over a nonzero width along the radial redshift-space coordinate
s∥. This leads to a smoothing of real-space density fluctuations and a damping of the redshift-

space power spectrum at high k. The factor e−(kµ/kth)2 describes the smoothing by the termal
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velocity dispersion, which we take to be Gaussian with the comoving wave number cutoff

kth =
aH

bth
, bth =

√

kBT

2mp
, (4.6)

where bth is the thermal velocity dispersion [47]. The factor 1/(1 + f |kµ|/kNL) describes
the smoothing by the velocity dispersion due to the virialization of collapsed structures. On
nonlinear scales, beyond kNL, shell crossing appears and different velocity streams coexist
at the same physical space location x. This must again damp the redshift-space power
spectrum. The factor f expresses that this damping appears earlier when the linear velocity
perturbations are amplified with respect to the linear density field. The factor (1 + βµ2)2

is the usual Kaiser effect [48], which describes that on large linear scales the single-stream
velocity field amplifies the density perturbations, as matter is moving inward onto overdense
regions. We simply take β ≃ 1.3 f , where f(k, a) is the linear growth rate defined in Eq.(4.3).
In principles, the factor β is defined as β = fbδF ,η/bδF ,δ, where we distinguish the biases
with respect to the linear density and velocity fields, bδF ,δ = ∂δF /∂δ and bδF ,η = ∂δF /∂η,
with η = −(∂v∥/∂x∥)/(aH) [39, 49]. However, we found that the analytical models for
bδF ,δ and bδF ,η [49, 50] do not fare very well. They do not improve the agreement with
numerical simulations and are not very stable, in particular the large inaccuracies on bδF ,η

can lead to artificially large or small values for β. This agrees with the results of [50], who
pointed out that velocity effects and redshift-space distortions are very difficult to capture
by simple analytical models. Therefore, we keep the simple expression (??), which appears
to be more robust. This agrees with numerical simulations, which find β ∼ 1.3f at redshift
z ≃ 3 [39]. The prefactor b2δF is fitted to the observations. Apart from direct hydrodynamical
simulations, an alternative would be to simulate the density and velocity fields associated with
the truncated Zeldovich approximation. which allows a more accurate treatment of thermal
and redshift-space distortions [41]. However, as we only wish to estimate the magnitude of
the impact of modified-gravity theories, for simplicity we keep the analytical model (4.4). For
precise measurements, one should in any case develop dedicated hydrodynamical simulations
[42, 51, 52].

We show in the left panel in Fig. 7 the ratio of the Lyman-α power spectrum to the
linear matter density power spectrum, at redshift z = 3 as a function of the wave number
k, for several values of µ. In agreement with Eq.(4.4), higher values of µ (i.e. directions
increasingly parallel to the line of sight) amplify the power spectrum on large scales, because
of the Kaiser effect, and damp the power on small scales because of the µ-dependent cutoffs,
due to the smoothing by the velocity dispersion that arises from the thermal distribution
and the gravitational multistreaming. The agreement with the numerical simulations [39] is
not perfect, as expected for such a simple model as (4.4), but we recover the main trends
and the magnitude of these redshift-space distortions. This suggests that our model captures
the main processes at work. We show in the right panel in Fig. 7 the logarithmic power
spectrum, ∆2

δF
= 4πk3PδF (k, µ) for µ = 1 and µ = 0. In agreement with the left panel, the

redshift-space distortions amplify the power at low k but give rise to a steeper falloff at high
k.

The expression (4.4) gives the anisotropic 3D Lyman-α power spectrum, over all direc-
tions of k. The observed 1D power spectrum along the line of sight is given by the standard
integral

PδF ,1D(kz) =

∫ ∞

−∞
dkxdkyPδF (k) = 2π

∫ ∞

kz

dk kPδF (k, µ = kz/k). (4.7)
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Kaiser effect velocity dispersion
in collapsed structures

thermal 
broadening

1) 3D power spectrum

- We noticed that if we use the nonlinear matter power spectrum instead of P_IGM 
we get a steep growth for the Lyman-alpha power spectrum at high k.

- We take � = 1.3f (simulations)

� = f
b�F ,⌘

b�F ,�

b�F ,� =
@�F
@�

b�F ,⌘ =
@�F
@⌘

⌘ = �
@vk
@xk

aH
In principle, we could define (Seljak 2012):

free 
parameter

However, analytical models do not work very well, 
especially because of the velocity part (Cieplak & Slosar 2016).
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the redshift-space distortions amplify the power at low k but give rise to a steeper fallo↵ at
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The expression (4.4) gives the anisotropic 3D Lyman-↵ power spectrum, over all di-
rections of k. The observed 1D power spectrum along the line of sight is given by the
standard integral

P
�F ,1D(kz) =

Z 1

�1
dk

x

dk
y

P
�F (k) = 2⇡

Z 1

kz

dk kP
�F (k, µ = k

z

/k). (4.7)

This also defines the 1D logarithmic power as�2
�F ,1D(k) = (k/⇡)P

�F ,1D(k), which we compare
with observations [55–57] in figure 8. In agreement with figure 7, we recover the broad shape of
the observed 1D Lyman-↵ power spectrum. The amplitude itself is not predicted, as the bias
b
�F is fitted to these observations. The lack of power at high k, k & 0.015 (km/s)�1 suggests
some tension between the observations and the numerical simulations [41], as increasing
the power at high k of the model would then worsen the agreement with the numerical
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simulations shown in figure 7. We do not tune our model to fit better the observations, to
keep a reasonable agreement with both simulations and observations. This is likely to give
a more robust framework. A more accurate modeling would require detailed comparisons
between observations and simulations to better understand the di↵erent physical e↵ects that
enter the transformation from the linear matter density power spectrum to the Lyman-↵
power spectrum.

4.4 Lyman-↵ power spectrum for modified-gravity theories

We show in figure 9 the deviations with respect to the LCDM prediction for the 3D Lyman-↵
power spectra. For the f(R) theories, we can see in the left panel that on large linear and
weakly nonlinear scales the relative deviation of the Lyman-↵ power spectrum grows with
k, following the rise of the modification to the matter power spectrum itself. The relative
deviation is greater along the radial direction, which is also sensitive to the modification of
the redshift-space factor f . The relative deviation of the transverse power spectrum decreases
at higher k, following the behavior of the truncated Zeldovich power spectrum. Along the
radial direction, the relative deviation does not decrease at high k and goes to a finite value.
This is because it remains set by the change of the overall prefactor (1 + �µ2)2 in eq. (4.4),
through the modification of the growth rate f . However, this result should not be trusted
at nonlinear scales, k & 1h/Mpc, because this simple form of the Kaiser amplification factor
only holds on linear scales. However, this range does not dominate the integral (4.7) that
gives the 1D Lyman-↵ power spectrum.

For the K-mouflage model, the relative deviation of the Lyman-↵ power spectrum is scale
independent on large linear and weakly nonlinear scales, as it is set by the relative deviation
of the linear matter power spectrum. As for the f(R) scenarios, the relative deviation of
the transverse power spectrum decreases at high k, following the behavior of the truncated
Zeldovich power spectrum. Along the radial direction, the relative deviation shows a faster
decrease and even becomes negative at high k because of the numerator in eq. (4.4), associated
with the greater velocity dispersion. Again, this behavior should not be trusted as these scales
are already in the highly nonlinear regime, which is not expected to be well described by our
simple modeling.
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Figure 10. Left panel: relative deviation from the LCDM prediction of the 1D Lyman-↵ power
spectrum at z = 3 given by f(R) theories, with fR0 = �10�4 (red dashed line), �10�5 (green solid
line) and �10�6 (blue dotted line). The points are the numerical simulations of [14] for fR0 = �10�4

(red crosses) and fR0 = �10�5 (green circles). The symmetric upper and lower black dot-dashed
lines are the ±1� relative errors of the observational results of [57]. Right panel: case of the K-
mouflage model.

We show in figure 10 the relative deviation of the 1D Lyman-↵ power spectrum. As
compared with the 3D power spectra displayed in figure 9, the integration over the transverse
wave numbers smoothes the relative deviation from the LCDM prediction. Thus, we obtain
a deviation of order 4% for f

R0 = �10�5, which does not vary much over 0.005 < k <
0.02 (km/s)�1, and a deviation of order 7% for f

R0 = �10�4. Our results agree reasonably
well with the numerical simulations from [14], which suggests that the model captures the
main dependence on the cosmology. The modest value of the deviation from the LCDM
cosmology and the lack of salient features suggest that the Lyman-↵ power spectrum is not
a competitive tool to constrain these f(R) theories, which are already strongly constrained
by astrophysical probes and Solar System tests of gravity that imply |f

R0 | . 10�6. Thus, it
appears that to obtain useful constraints on these scenarios one needs to reconstruct the 3D
power spectrum, shown in figure 9, which shows a stronger scale dependence and a higher
magnitude for the peak of the deviation from the LCDM power spectrum.

For the K-mouflage model, the 1D Lyman-↵ flux power spectrum shows a smooth
relative deviation that slowly decreases with k. This is because of the scale independence for
the relative deviation of the linear matter power spectrum, due to the zero mass of the scalar
field, while at high k nonlinear e↵ects come into play that somewhat damp the dependence
of the flux power spectrum on the underlying linear power spectrum. The comparison with
the 1� relative error of the observational results of [57] indicates that a precise analysis could
constrain K-mouflage models at the level of �

K

. 0.1. This can be compared for instance with
CMB and background constraints, which give �

K

. 0.2 [58]. Therefore, in contrast with the
case of the f(R) theories, the Lyman-↵ power spectrum could provide competitive constraints
for these models. This is partly due to their di↵erent screening mechanisms. In the case of
K-mouflage models, the nonlinear screening that ensures convergence to General Relativity
in the Solar System has not impact on weakly nonlinear cosmological scales (because this
corresponds to di↵erent regimes of the kinetic function K(�) that are not necessarily related),
and the tests of gravity in the Solar System or astrophysical environments only imply �

K

.
0.1 (provided K 0(�) is su�ciently large in the small-scale quasistatic regime).
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Figure 11. Relative deviation of the 1D Lyman-↵ power spectrum at z = 3 due to a 10% increase
of the IGM temperature (red solid line) or a 10% increase of the redshift-space bias factor � (blue
dashed line). The symmetric upper and lower black dot-dashed lines are the ±1� relative errors of
the observational results of [57].

Obtaining competitive constraints would require a more accurate modeling, or at least
a comparison with a set of K-mouflage numerical simulations to check the accuracy of our
modeling, which we leave to future works. On the other hand, the rather large deviation
found in figure 10, as compared with the small deviation of the one-point variance h�2

F

i
found in table 2, suggests that our result is robust and would not be removed by the impact
on the small-scale IGM physics.

The comparison with the case of the f(R) theories also shows that the shape of the
relative deviation of the Lyman-↵ flux power spectrum can provide useful constraints on the
mass of the scalar field, or more generally on whether new length scales are introduced by a
possible nonstandard cosmological scenario.

4.5 Degeneracies with physical parameters

To investigate the robustness of our results with respect to small-scale modifications of the
IGM physics, we show in figure 11 the relative deviations of the 1D Lyman-↵ power spectrum
for a 10% increase of the IGM temperature T or of the bias ratio �. The increased temperature
implies a stronger damping of the IGM power spectrum (4.1), because of the greater Jeans
length scale, and of the Lyman-↵ power spectrum (4.4), because of the greater thermal
broadening. As seen in figure 11, this yields a flat decrease of P

�F ,1D(k) of about 1%. The
increased factor � yields a flat increase of P

�F ,1D(k) of about 6%, through eq. (4.4). The
comparison with figure 10 shows that the impact of these physical parameters remains modest
and gives a scale dependence that is di↵erent from the modified-gravity models. This shows
that it is possible to break degeneracies between such e↵ects and modified gravity by using
the scale dependence of the power spectrum.

5 Conclusion

In this paper, we have presented a simple modeling of the Lyman-↵ forest statistics to
estimate the impact of two modified-gravity scenarios, the f(R) and K-mouflage models.

We have first considered the probability distribution function P(F ) of the Lyman-↵
flux. We find that this is not a very competitive probe of modified-gravity theories. It is
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it should be possible to break degeneracies.

These effects are modest and show a different scale dependence 
than the modified-gravity effects.



E-  FLUX PROBABILITY DISTRIBUTION

Calura et al. (2012)

Lyman α flux PDF at z > 3 3023

Figure 3. An illustration of the uncertainty on the continuum placement for three of the spectra in our sample with different S/N values: S/N = 25 for
Q1209+0919 (upper panel), S/N = 68 for PKS 2000−330 (middle panel) and S/N = 150 for PKS 1937−101 (lower panel). In each panel, the final continuum
fit is shown by the solid curve, while the dotted and dashed curves show the fitted continuum after it is increased/decreased by 5 and 10 per cent, respectively.

The Lyman α forest includes the spectral region between the
wavelength of the Lyman β emission line, λβ = 1025.72 (1 +
zQSO), and the wavelength corresponding to the Lyman α emission
line, that is, λα = 1215.67 (1 + zQSO). To avoid contamination from
the QSO line-of-sight (LOS) proximity effect, in each spectrum
we excluded an interval of 4000 km s−1 bluewards of the Lyman α

emission line. All the absorption features were then identified and
fitted by means of the RDGEN,2 VPFIT3 and VPGUESS4 packages.

First, all the metal absorption lines redwards of the QSO Lyman α

emission peak were identified and fitted. This task does not present
significant difficulties, since the number of absorption lines in this
spectral region is relatively low and lines due to different transitions
are rarely blended. Secondly, the identification of heavy element
absorption in the Lyman α forest was performed. This task requires
more attention owing to the large amount of Lyman α lines in this
region and to the frequent presence of broad, saturated absorption
features. In this spectral region, isolated metal lines are very rare.
Most of the metal absorption lines are blended with Lyman α lines,

2 http://www.ast.cam.ac.uk/rfc/rdgen.html
3 http://www.ast.cam.ac.uk/rfc/vpfit.html
4 http://www.eso.org/jliske/vpguess/

complicating the precise identification of metal line profiles. A
common technique to search for metal absorption in the Lyman α

forest therefore employs the use of velocity width profiles. Once a
strong transition is identified at wavelengths redwards of the QSO
Lyman α emission line, for example, due to C IV or Si IV, associated
ionic transitions such as Si II, Si III and C II at the corresponding
redshift and velocity profile can be searched for in the Lyman α

forest.
When metal lines in the Lyman α forest are heavily blended

with H I absorption, it is generally difficult to identify the shape
of the profile. The parameters that are most difficult to recover in
this case are the Doppler parameter b and the column density N.
In these cases, as an initial guess for VPFIT we provide the profile
of the lines associated with the systems already identified redwards
of the QSO emission, usually satisfactorily fitted by VPFIT. VPFIT

then corrects the initial guess and modifies it in order to obtain
an improved fit to that spectral region. Once a stable solution is
obtained which is not sensitive to the initial guess and characterized
by a satisfactory reduced χ2 value (typically of the order of 1–3,
depending on the noise level of the spectrum), the fit process is
complete. An alternative way to identify metal absorption in the
forest is based on the value of the Doppler parameter, which is in
general narrower than for Lyman α lines (e.g. Tescari et al. 2011).
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Figure 10. The PDF measured in this work at ⟨z⟩ = 2.9 (squares and long-
dashed line) and ⟨z⟩ = 3.45 (circles and short-dashed line) compared with
the PDF obtained by K07 at ⟨z⟩ = 2.07 (light-grey curve), ⟨z⟩ = 2.52 (grey
curve) and ⟨z⟩ = 2.94 (dark-grey curve).

Figure 11. The PDF measured in this work in the lowest redshift bin
(squares and long-dashed curve) plotted with error bars compared to the
PDF obtained by K07 at ⟨z⟩ = 2.94 (dark grey curve).

analysed in this work into two redshift bins. In each bin we have
then calculated the effective optical depth. In Table 3, we show the
effective optical depth for our sample, computed both before and
after removing metal contamination. We have calculated τ eff by
considering the flux in the wavelength ranges reported in Table 3,
after removing a fraction of pixels as described in Section 2.2 in
order to avoid the proximity effect. Note also that since we wish
to measure the H I effective optical depth, removing metal lines is

Figure 12. The flux PDF measured by K07 at ⟨z⟩ = 2.94 (dark-grey curve)
plotted with error bars compared to the PDF measured from the two spectra in
our sample, Q0055−269 and PKS 2126−158, used in the K07 measurement
(open squares and long dashed curve). This comparison uses pixels in the
same wavelength range as adopted by K07.

again very important for obtaining a precise estimate of τ eff which
can be compared to other sets of data or with simulations.

The errors on τ eff are computed by means of a bootstrap method,
as described in McDonald et al. (2000), Schaye et al. (2003) and
K07. We have divided each spectrum into N chunks of 100 pixels,
corresponding to 5 Å. A total of 500 bootstrap realizations were then
performed by randomly selecting the N chunks with replacement.
The standard deviation from the mean τ eff is the error reported in
Table 3. In the last column of Table 3, we also give the percent-
age contribution of metal absorption lines to τ eff , which can be
calculated as

metals (per cent) =
(

τeff,H I+Z

τeff
− 1

)
× 100. (4)

The metal contamination varies from 1 to 28 per cent; we will
discuss its redshift dependence in more detail later on in this section.

In Fig. 13, we show the evolution of Lyman α forest optical
depth, τ eff , measured in this work after the removal of metal lines,
compared to previous estimates by various authors. The dotted line
is the best fit obtained by Faucher-Giguère et al. (2008) from a
sample of 86 high-resolution, high-S/N ESI and HIRES quasar
spectra. These authors also find evidence for a deviation of τ eff

from a power law at z ∼ 3.2, consistent with the previous result
of Bernardi et al. (2003) obtained using SDSS data and a different
methodology (see also Pâris et al. 2011). The solid line is our best
fit to all of the data (i.e. those of Schaye et al. 2003; K07; and this
work) obtained by means of the relation

τeff = A(1 + z)B + C exp
{

− [(1 + z) − D]2

2E2

}
, (5)

which is a modified power law including a Gaussian component to
take into account the presence of a deviation, as in Faucher-Giguère
et al. (2008). In comparison, the dashed line represents the best
fit to the whole data ensemble for a power law only. The reduced
χ2 are reported in Fig. 13; we find that a power law provides a
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5 A NA LY SIS O F THE SIMULATIONS

5.1 Synthetic spectra and PDFs

Given the positions, velocities, densities and temperatures of all the
SPH particles at a given redshift, spectra along LOSs through the
simulation boxes were computed following the procedure described
by Theuns et al. (1998). The interested reader can find more details
about this procedure in Section 5 of Tescari et al. (2011). Two
different sets of synthetic spectra were constructed: the first set
includes two redshift bins at z = 2.95 and 3.48 and the second
set includes three redshift bins at z = 2.90, 3.25 and 3.55. After
extracting the spectra along random LOSs through the cosmological
box at redshift z, we rescaled all the H I optical depths by a constant
factor, so that their mean value was equal to the H I effective optical

depth, τ eff , given by the K07 fit

τeff = (0.0023 ± 0.0007)(1 + z)3.65±0.21. (6)

This rescaling ensures that our spectra match the observed mean
normalized flux of the Lyman α forest at the appropriate redshift:
⟨F ⟩H I,OBS = exp(−τeff ). The spectra are then convolved with a Gaus-
sian of 7 km s−1 FWHM and rebinned on to pixels of width 0.05 Å.
Finally, in order to have realistic spectra to compare with observa-
tions, we add Gaussian distributed noise with total S/N per pixel
(i.e. standard deviation of the Gaussian at F = 1) equal to 60 and
readout S/N equal to 100.

The dependence of the simulated flux PDF on T0, γ and σ 8 is
illustrated in Fig. 15. The two upper panels show the PDFs extracted
from our two fiducial simulations: the high-resolution run A1REF

(black solid curve) and the low-resolution run B1REF (red dashed

Figure 15. Simulated PDFs at redshift z = 2.95 (left-hand side) and z = 3.48 (right-hand side). Upper two panels: our two reference simulations are displayed
in both plots: run A1REF (black solid curves) and run B1REF (red dashed curves). The black data points show the PDF measured from the full observational
sample after the removal of metals and LLSs (Table 2, last two columns). The blue dot–dashed curves and orange triple-dot–dashed curves are the PDFs
obtained with ±1.5 per cent (left-hand side) and ±3 per cent (right-hand side) continuum errors added to the spectra from runs A1REF and B1REF, respectively.
The two vertical dotted lines mark the region inside which we perform the fit to the observational data in this work. Lower six panels: the ratio between PDFs
obtained from simulations with different values of astrophysical and cosmological parameters, and the corresponding reference PDFREF. Variations in the
following parameters are explored: T0 (first row), γ (second row) and σ 8 (third row).
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which describes the transition to non-linear scales (which
lie at T ≪ Tnl(ρ)). This is shown by the straight dashed-
line (Tnl ∝ ρ) plotted in Fig. 1. Besides, we note that
known sources of external heating (e.g., the UV back-
ground radiation) cannot heat the IGM up to such high
temperatures. Therefore, no fluid element can be located
in the region to the upper-left of the curve Tnl(ρ) since
no physical process which is active on these large scales
can heat the gas to these high temperatures. This yields
a third exclusion region.

2.2.4. Low-density fluctuations

Finally, a fourth constraint on the distribution of matter
is given by the low-density cutoff of the pdf P(ρR) of the
dark matter density field. This is the analog of the high-
density cutoff discussed in Sect. 2.2.2. The low-density
cutoff ρ−(R) is derived in Appendix A, from Eq. (A.8).
It obeys the asymptotic behaviours (A.11). In the quasi-
linear regime we again recover the usual Gaussian cut-
off δ− ∼ −σ. In the highly non-linear regime the small
overdensity ρ− ∼ ξ

−κ/2 ≪ 1 expresses the formation
of extreme underdensities on small scales. Contrary to
the high-density cutoff it is somewhat model-dependent
through the exponent κ but this has no strong effect on
the (ρ, T ) phase-diagram (we typically have κ ∼ 0.8). As
in Sect. 2.2.2 we need a relation T (R) in order to derive
a condition of the form ρ−(T ). We again consider both
cases of local and external heating, described by Eqs. (1)
and (2). This yields the curves ρ−,loc(T ) and ρ−,ext(T )
shown by the two steep parallel dashed-lines in Fig. 1, at
ρR ∼ 10−1. The curve associated with external heating is
the left one (i.e. lower densities or higher temperature),
as can be seen from Eqs. (1) and (2). Thus, this defines a
fourth exclusion region to the left of these curves.

2.3. Equation of State of the Lyman-α forest

Thus, so far we have obtained constraints on the distribu-
tion of matter in the (ρ, T ) plane by drawing four exclu-
sion regions. This already gives quite useful information
about the properties of the IGM which are very robust.
Now, we investigate a different point, seeking the location
of the gas in the (ρ, T ) plane. This amounts to deriving
an equation of State for this component.

As shown in Hui & Gnedin (1997) the low-density
photo-ionized IGM exhibits such an equation of State as
the gas follows a specific relation Tα(ρ) with a rather small
scatter. This was derived in Hui & Gnedin (1997) from the
Zel’dovich approximation (Zel’dovich 1970) which applies
up to the moderately non-linear regime (ξ <∼ 1). Here we
reconsider this problem and we show that this Equation
of State is rather robust with respect to the past his-
tory of the gas and applies independently of the validity
of the Zel’dovich approximation. First, we assume photo-
ionization equilibrium (we restrict ourselves to z <∼ 5 after

reionization) and we only take into account hydrogen.
Therefore, the ionization equilibrium reads:

Γ nHI = α(T ) nHIIne, (8)

where Γ is the photo-ionization rate and α(T ) is the re-
combination rate. They are given by:

Γ =
∫

4πJνσHI
dν

hν
= 3.08× 10−12 J21(z) s−1 (9)

and:

α(T ) = αJ

(
T

TJ

)−(ν−1)

, (10)

where we defined:

ν =1.7, αJ = 1.23×10−13 cm3 s−1, TJ = 5.8×104 K. (11)

The temperature TJ we introduced in Eq. (11) is the char-
acteristic temperature reached by the gas through the
heating due to the UV background radiation flux. It is
given by:

kTJ ≡
∫

4πJνσHI(hν − hνHI)dν
hν∫

4πJνσHI
dν
hν

(≃5 eV), (12)

where hνHI = 13.6 eV is the hydrogen ionization thresh-
old. Note that this temperature TJ does not depend on the
amplitude J21 of the UV background. Moreover, it is fixed
by atomic physics, independently of cosmological param-
eters. Next, the temperature T of a given fluid element
evolves as:
1
T

dT

dt
=

2
3

1
ρ

dρ

dt
+

1
theat

(13)

where d/dt is the Lagrangian time derivative. The heating
time theat is given by:

3/2nbkT

theat
=

∫
4πJνσHInHI(hν − hνHI)

dν

hν
= kTJnHIΓ, (14)

where we take nb = 2ρb/mp since we approximate the gas
as fully ionized hydrogen. The evolution Eq. (13) is the
same as Eq. (3), except that we neglect cooling (which
is justified here since we consider here moderate densities
and temperatures) and gravitational shock-heating which
is irrelevant. On the other hand, the term dρ/dt represents
the pressure work, which takes into account the expansion
of the fluid element. Substituting Eq. (14) into Eq. (13)
we obtain:

1
T

dT

dt
=

2
3

1
ρ

dρ

dt
+

1
t10

ρ

ρJ

(
T

TJ

)−ν

, (15)

where we define:

ρJ = 3
Ωm

Ωb

mp

αJt10
≃ 1.1× 10−28 g cm−3 (16)

and:

t10 = 1010 years. (17)
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Figure 2. Evolution Of/RI (solid line), JReI (dashed line) and JRen 

(dotted line) as a function of redshift, used in the computations 
shown in Fig. 1. The Jis are defined in equation (5). 

(j ;55. It gives the correct mean behaviour of gas elements in 
the full hydrodynamic simulation in the low-density regime. 
The larger scatter in Fig. l(a) compared with l(b) is in part 
because of the smaller number of fluid elements in the 
latter. At higher densities, one begins to see the effect of 
shocks: a wide scatter of temperature at a fixed density. The 
calculation shown in Fig. l(b) is not reliable in this regime. 
This is because by assuming that density evolves as pre-
scribed by the Zel'dovich approximation, which is only a 
good approximation for pressureless (dark) matter or bar-
yons at large scales, one misses the effects of gas pressure 
and shocks as the fluid element is compressed to sufficiently 
high densities. Note also that the temperature of gas ele-
ments at a high density tends to be higher in the approxi-
mate semi-analytical calculation compared to the full 
hydrodynamic computation. This might seem counter-intui-
tive since shock heating is properly taken into account in the 
latter but not the former. There are two reasons. First, 
because of the small box size of the hydrodynamic computa-
tion, large-scale power and, hence, shock heating is 
suppressed in Fig. l(a). Secondly, the Zel'dovich approxi-
mation breaks down beyond shell crossing, and so in Fig. 
l(b), we include only those elements that have not shell 
crossed. This means that at a given final high density, an 
element in Fig. l(b) should be just about to shell cross while 
a typical element in Fig. l(a) has probably done so already 
and is expanding, allowing for more cooling. Both of the 
above effects explain the relatively low temperature at a 
high density of the hydrodynamic simulation compared to 
our approximate semi-analytical calculation. We are, of 
course, interested in only the temperature-density relation 
in the low-density regions «(j;5 5), where the two methods 
agree very well. 

We have made a number of similar comparisons between 
the temperature-density relations obtained from hydro-
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Figure 3. The temperature-density relation for 4 different sud-
den-reionization models: sudden reionization (see equation 6) at 
z=5 (a),z=7 (b), z=lO (c) andz=10 (d). For each reionization 
model, the black dots shown are the results of calculations using 
the semi-analytical method outlined in Section 2.1 for 2000 ele-
ments, shown at three different instants: z being 4, 3 and 2 from top 
to bottom. The cosmological parameters are h = 0.5, no = 1 and 
nbh2 =0.0125 (with primordial abundances for hydrogen and 
helium). The ionizing background is specified by its amplitude 
JRI =0.5 (equation 5) and spectrum obeying equation (7) with 
/=0.01. The solid, dotted and dashed lines, from top to bottom for 
each reionization model, represent the analytical expressions for 
the equation of state in equations (13), (19) and (22), using the 
corresponding cosmological parameters and reionization-epoch 
for each model. The only exception is panel (d) where the lines 
shown are exactly the same as those in the panel (c), i.e. setting 
a,eion = 1/11 in equations (19) and (22) (see explanation in the 
text). 

dynamic simulations versus using our semi-analytical 
method, for a number of different J,s as a function of time. 
The semi-analytical method consistently gives the correct 
mean behaviour of gas elements oflow density. Keeping in 
mind the intrinsic scatter such as that seen in Fig. l(a), we 
can make use of our simple semi-analytical method to effi-
ciently study the mean temperature-density relation at the 
low-density regime for a large number of reionization 
scenarios, which is the subject of the next two sections. 

3 SUDDEN REIONIZATION MODELS 
3.1 Variation with the epoch of reionization 
In Fig. 3 we show the temperature-density relation for four 
different sudden reionization models, where the reioniza-
tion epoch is systematically varied. All of them have no 
ionizing background until the specified epoch and then JHI 

(equation 5) is taken to be 0.5 thereafter, i.e. 

J = {Jion 
HI 0 

for a 
for a < areion> 

(6) 
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Figure 10. Temperature-density diagrams at various redshift. Color represents the particle density in loga-
rithmic scale. The black line represents the fitted T � ⇢ relation from several mode-estimated points. � is the
normalized density ⇢/ h⇢i.

From the 1D power-spectra that we computed at each point of the grid, we derived a second-
order Taylor expansion around our best-guess model. It describes the evolution of the 1D power
spectrum with changes in either the cosmological or the astrophysical parameters that we studied.
We have performed several check runs to ensure the quality and validity of our simulation grid,
using either di↵erent seeds, or o↵-the-grid values of the cosmological and astrophysical parameters.
These checks were all consistent with the power spectrum predicted using our second-order Taylor
expansion, thus validating it. We compared our central simulation to published data from BOSS and
showed that they were already in good agreement without any adjustment of any of the simulation
parameters. In forthcoming work, we will use this Taylor expansion for a quantitative comparison to
data in order to extract best-fit cosmological parameters.

These simulations are accompanied by a set of simulations where massive neutrinos are in-
cluded. These required additional developments for an e�cient treatment and a proper account of
the additional particles (at all levels of the pipeline: in CAMB, in the setup of the initial conditions
for thermal velocities, in Gadget-3, etc.), but are otherwise produced with a pipeline similar to the
one presented in this study. The details about the simulations with massive neutrinos can be found in
the companion paper [70]. Additional parameters can yet be included in the same context. However,
due to the presence of the cross terms that are necessary for an accurate modeling of the likelihood
function that illustrates the variation of the power spectrum in all directions of this growing parameter-
space, adding new parameters will become more and more expensive in terms of calculation time.
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where χ = −(∂φ)2/2M4, and M4 is the dark energy scale. The first derivative K ′(χ) goes
from 1 at low χ, as for the standard kinetic term, to the large value K⋆ at high χ, which gives
rise to the screening mechanism that damps the scalar field gradients and the fifth force in
high-density environments. We choose to illustrate our results with χ⋆ = 100 and K⋆ = 1000.
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3 Flux probability distribution function

3.1 Modeling P(F )

The first statistics we consider in this paper is the probability distribution function P(F )
of the Lyman-α flux F . In the standard fluctuating Gunn-Peterson approximation [20, 31],
the Lyman-α optical depth is proportional to the neutral hydrogen density nHI. For a gas in
photoionization equilibrium this is proportional to the density multiplied by a recombination
rate, and for temperatures T ∼ 104 K this gives
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where (γ − 1) is the exponent of the gas density-temperature relation. This gives for the
Lyman-α flux

F = e−τ = e−A(1+δ)α . (3.2)

The factor A depends on the HI photoionization rate, which is difficult to measure indepen-
dently. Following standard practice, we set A by requiring that the mean flux ⟨F ⟩ matches
the observational measurements. The exponent γ is typically γ ≃ 1 − 1.6 and goes to 1.6
at late times in the case of early reionization [32]. Following observations and numerical
simulations [33], we take γ = 1.3 and T = 2 × 104 K at z = 3, which gives α = 1.79. To
relate the Lyman-α flux to the matter distribution through Eq.(3.2), we need to speficy the
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wave number ks in terms of the Jeans wave number kJ as
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where a is the scale factor, cs the sound speed, and µ ≃ 0.5 the mean molecular weight.
The factor 2.2 accounts for the fact that the Jeans length was smaller at earlier times, which
reduces the damping scale at a given redshift [34], and we take xs = π/ks for the smoothing
radius. Then, neglecting the scatter of the density-flux relation (3.2), we write the flux PDF
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Factor A related to the photo-ionizing flux. In practice, it is set by the matching
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Figure 1. Left panel: probability distribution function P(δs) from (3.5) (red solid line labeled
“ϕs”). We also display the Gaussian PDF from linear theory (blue dotted line “L”) and a lognormal
approximation (green dashed line “ln”). Right panel: Probability distribution function P(F ) from
(3.4). The data points are the observational results of [38].

and we take for the latter its value derived in the rare-event or low-variance limit, see [36, 37].
On the other hand, to be consistent with the approach we use for the Lyman-α power spec-
trum, we compute the smoothed variance σ2

s from the truncated Zeldovich power spectrum
defined in Eq.(4.2) below. This means that δs is the IGM density field associated with the
IGM power spectrum (4.1). It differs from the underlying nonlinear matter distribution by
the smoothing scale xs and by the use of the truncated Zeldovich approximation, which pro-
vides a reasonable description of the large-scale weakly nonlinear matter distribution while
removing the irrelevant contributions from high-density virialized halos that do not contribute
to the Lyman-α forest.

We compare in the left panel in Fig. 1 the PDF (3.5) with the Gaussian PDF from linear
theory and the lognormal approximation. We can see that on these mildly nonlinear scales,
the density fluctuations of the IGM are modest but the PDF already significantly deviates
from the Gaussian, with a peak at a slightly negative density contrast and an extended high-
density tail. As is well known, this shape is similar to the usual lognormal approximation.

Next, the mapping (3.2) provides the flux PDF through eq.(3.4). We can see in the right
panel in Fig. 1 that this gives a reasonably good agreement with the observations from [38].

3.2 P(δs) and P(F ) for modified-gravity theories

We show in Fig. 2 the relative deviation of the PDF (3.4) from the LCDM prediction for
the f(R) theories and the K-mouflage model. Here, we keep the same generating function
ϕs and only take into account the dependence of the variance σ2

s on the modified-gravity
scenario. This should be sufficient for our purposes as we consider scenarios that remain
close to General Relativity and the Lyman-α forest probes moderate density fluctuations
that should be mostly governed by the variance σ2

s . The modified-gravity scenarios studied
in this paper amplify the growth of density perturbations at low redshifts. This increases
the variance σ2

s and makes structure formation appear further advanced than in the LCDM
cosmology. This leads to stronger tails for the PDF P(δs), as large fluctuations are less rare,
and hence to lower values of P(δs) for moderate contrasts δs ≃ 0 as all PDF are normalized
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Figure 2. Left panel: relative deviation of the PDF P(�s) for the f(R) models. As in figure 1, we
display the Gaussian PDF from linear theory (blue dotted line “L”), the lognormal approximation
(green dashed line “ln”), and the gravitational PDF (3.5). For the latter, we consider the cases where
we keep the LCDM generating function 's (red dashed line “'s”), or we use the new generating
function determined by the modified-gravity spherical collapse (red solid line “�'s”). Right panel:
case of the K-mouflage model.

are less rare, and hence to lower values of P(�
s

) for moderate contrasts �
s

' 0 as all PDFs
are normalized to unity. We recover this behavior in figure 2, with a positive deviation �P at
large negative and positive density contrasts. Using either the lognormal approximation or
the fixed LCDM generating function '

s

gives almost the same results for �P/P. This agrees
with figure 1, which shows that the lognormal approximation and eq. (3.5) lead to similar
shapes, and the fact that in both cases the deviation only arises from the change of the
matter density variance. For the f(R) theories, the modification of the generating function

'
s

, that is, of the higher-order normalized cumulants h�n
s

i
c

/�
2(n�1)
s

, has a significant impact.
It strongly amplifies the deviation from the LCDM result for moderate density contrasts,
�0.8 . �

s

. 3. In contrast, for the K-mouflage model the modification of the generating
function '

s

is small and it has a negligible impact on �P. This expresses the fact that
the K-mouflage gravitational dynamics is much closer to the LCDM case than the f(R)
theories. Indeed, as recalled in section 2.2, on these scales the K-mouflage scalar field � is
still in the linear regime (the nonlinear screening mechanism only appears at galactic scales
and overdensities). Then, the only modification to gravitational processes is a slow time
dependence of Newton’s constant. Clearly, this will not give rise to dramatic qualitative
phenomena. In contrast, for the f(R) theories there is a new scale dependence, set by m(a),
and the nonlinear regime of the modified gravity sector also becomes relevant faster. Besides,
the coupling strength � is greater. Therefore, it is not surprising that gravitational processes
deviate more strongly from the LCDM cosmology.

This can also be seen at the quantitative level in the coe�cient ⌫2 obtained from second-
order perturbation theory, which would also enter the computation of bias parameters. Thus,
if we decompose the initial linear density perturbation into a long wavelength mode �

Ll

and
a short wavelength mode �

Ls

, �
L

= �
Ll

+ �
Ls

, higher-order perturbation theory � '
P

n

�n
L

gives rise to mode couplings. At second order in the density, and linear order in �
Ls

, this
gives a contribution

�
s

= (1 + ⌫2�
Ll

)�
Ls

, (3.6)

which describes how small-scale perturbations are enhanced by large-scale modes. For the

– 7 –

linear (Gaussian) lognormal

'�'(spherical collapse)

Amplify the growth of density perturbations the variance and the tails are greater



K-mouflage is closer to LCDM than f(R), because it does not generate a new scale dependence 
(in the unscreened regime).

Perturbative bias and skewness:

�s = (1 + ⌫2�Ll)�Ls small-scale perturbations are enhanced by large-scale modes

EdS: ⌫2 = 34/21

S3 = 3⌫2 + d ln�2
/d lnx skewness of spherical cells
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model LCDM f
R0 = �10�4 f

R0 = �10�5 f
R0 = �10�6 �

K

= 0.1

⌫2(ks, 1hMpc�1) 1.62 1.65 1.65 1.64 1.62

⌫2(ks, ks) 1.62 1.62 1.63 1.63 1.62

Table 1. Coe�cient ⌫2(k1, k2) for the LCDM, f(R) and K-mouflage cosmologies, at z = 3. We show
the cases (k1, k2) = (ks, 1hMpc�1) (first row) and k1 = k2 = ks (second row).

model LCDM f
R0 = �10�4 f

R0 = �10�5 f
R0 = �10�6 �

K

= 0.1

h�2
F

i 0.199 0.215 0.212 0.211 0.202

relative deviation 0 8% 7% 6% 1%

Table 2. First row: variance h�2F i of the Lyman-↵ flux for the LCDM, f(R) and K-mouflage cos-
mologies, at z = 3. Second row: relative deviation of h�2F i from the LCDM prediction.

simple Einstein-de Sitter cosmology, this gives the well-known factor ⌫2 = 34/21 that also cor-
responds to the angular average of the second-order perturbation theory kernel F2(k1,k2) [38].
The expression (3.6) can also serve as a basis for the computation of bias parameters [39]. On
the other hand, on large scales the skewness of the density contrast, which is the coe�cient
of the cubic term in the generating function '

s

(y) and is defined by S3 = h�3i
c

/�4, is given
by S3 = 3⌫2 + d ln�2/d lnx [38]. We give in eq. (B.1) in appendix B the expression of the
angle-averaged coe�cient ⌫2(k1, k2) for general cosmologies.

We show the values of ⌫2 in table 1. For cosmologies with a scale dependence such as
the f(R) theories, it depends on wavenumbers. We show in the first row the case of the pair
(k

s

, 1hMpc�1), where k
s

is the smoothing scale of eq. (3.3). This describes the amplification
of short-scale modes k

s

by long-scale modes k
l

= 1hMpc�1 as in eq. (3.6). The second row
corresponds to the single wavenumber k

s

, which is relevant for the skewness of the density
contrast at the single scale k

s

. Because the modified-gravity theories we study here amplify
and speed up the linear perturbations, they increase ⌫2 and the skewness of the PDF P(�

s

).
For the scale-independent LCDM and K-mouflage cosmologies, the two rows are equal, while
for the scale-dependent f(R) theories the value is higher and further from the LCDM result
in the first row, associated to di↵erent scales. This is because these f(R) theories introduce
a new dependence on the ratio k1/k2. In agreement with figure 2, the deviation of ⌫2 from
the LCDM value is greater for the f(R) theories than for the K-mouflage model, where it is
below the percent level. This is due to the fact that the K-mouflage scalar field � is still in the
linear unscreened regime and that in this model �� is an odd functional of �, which implies
�s2;11 = 0 for the new vertex that generically appears in eq. (B.1) [40]. This explains the
greater impact of the deviation of the cumulant generating function '

s

for the f(R) theories.

3.3 P(F ) for modified-gravity theories

We show in figure 3 the relative deviation of P(F ) for the f(R) theories and the K-mouflage
model. As in the numerical simulations [14], in all cases we set the coe�cient A in eq. (3.2)
so that the mean flux matches the observed value of [37], hF i = 0.72. As for the density PDF
shown in figure 2, the amplification of structure formation in the modified-gravity scenarios
leads to stronger tails for P(F ), and therefore to a lower amplitude of the PDF at the
moderate values around hF i.
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Figure 3. Left panel: relative deviation of the PDF P(F ) for the f(R) models fR0 = �10�4 (red lines)
and fR0 = �10�5 (green lines). The points are the numerical simulations of [14] for fR0 = �10�4

(red crosses) and fR0 = �10�5 (green circles). As in figure 2, the dashed lines neglect the dependence
on cosmology of the cumulant generating function while the solid lines use the modified generating
function. The symmetric upper and lower black dot-dashed lines are the ±1� relative errors of the
observational results of [37]. Right panel: relative deviation of the PDF P(F ) for the K-mouflage
model (red lines), with the ±1� relative observational errors of [37].

For the f(R) theories we roughly recover the order of magnitude and the shape of the
deviation found in the numerical simulations [14]. However, the agreement is not very good
and the simulation results fall between the two predictions obtained from eq. (3.5), where we
either neglect or include the impact of modified gravity on the generating function '

s

. This
suggests that the exact result is between these two approximations. Indeed, the smoothing
scale x

s

is already in the mildly nonlinear regime, and the generating function '
s

may already
somewhat depart from its quasilinear value. In particular, the overestimate of the negative
deviation at F ' 0.9 suggests that the negative deviation at �

s

' �0.8 in figure 2 was
too large.

As the K-mouflage model is closer to the LCDM cosmology, in the sense that the linear
growth rate does not depend on wave number and outside of galaxies the modification of
gravity only corresponds to a small time dependence of Newton’s constant, we can expect
our modeling of P(F ) to fare better. In agreement with figure 2, the modification of '

s

has no
impact on the PDF. Thus, our prediction should be more robust than for the f(R) theories.

Another factor that can explain the discrepancies found in the left panel in figure 3
is our neglect of redshift-space e↵ects. However, since the deviations are typically smaller
than the 1� errorbars of the observations, we do not try to extend our modeling of P(F ) to
redshift-space. Indeed, the small amplitude of �P/P means that the Lyman-↵ flux PDF is
not a competitive probe of these modified-gravity models.

We give in table 2 the variance h�2
F

i of the Lyman-↵ flux, with �
F

= F/hF i�1. For the
modified-gravity models we use the modified generating function �'

s

, which tends to over-
estimate the departure from the LCDM prediction. In agreement with the previous results,
the relative deviation is smallest for the K-mouflage model, where it is only one percent.

4 Lyman-↵ flux decrement power spectrum

We now turn to the second Lyman-↵ statistics that we consider in this paper, the power
spectrum P

�F (k) of the Lyman-↵ forest flux decrement �
F

= F/hF i�1. Fitting formulas for
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The tails are again enhanced for the PDF of the Lyman-alpha flux.

The model is not very good for f(R) and shows larger uncertainties than for K-mouflage.

But this is not a competitive probe.

fR0 = �10�4 fR0 = �10�5



V.  CONCLUSION

- The deviations from LCDM of the Lyman-alpha statistics strongly 
depend on the details of the modified-gravity model. 
In particular, on whether it leads to a new scale dependence.

- For models with new scale dependence, the PDF of the flux is 
difficult to predict accurately. This is probably related to the fact 
that Lyman-alpha clouds are already in the mildly nonlinear regime 
and to redshift-space distortions.

- The power spectrum of the Lyman-alpha flux is easier to model. 
Its behavior also depends on the properties of the modified-gravity model.

- However, the PDF of the flux is unlikely to be a competitive probe.

- Whereas it is not competitive for f(R) models, it could be a useful probe 
for models such as K-mouflage.


