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Higher order polyspectra

• In an statistically homogeneous universe 

• Bispectrum 

• Trispectrum 

• Quadspectrum, Pentaspectrum, etc 
 

h�(k1)�(k2)�(k3)�(k4)i = (2⇡)3T (k1,k2,k3,k4)�
D(k1 + k2 + k3 + k4)

<latexit sha1_base64="1p6GLs5wW1T6nfuBC83z6Qnln0U="></latexit>

h�(k1)�(k2) · · · �(kn)i = (2⇡)3Pn(k1,k2, · · · ,kn)�
D(k1 + k2 + · · ·+ kn)

<latexit sha1_base64="ePImrMvh01oSankQsCbXJge6AU0="></latexit>

h�(k1)�(k2)�(k3)i = (2⇡)3B(k1,k2,k3)�
D(k1 + k2 + k3)

<latexit sha1_base64="ydPDBtcqpELXQZUF5Z+fs5WcxG0="></latexit>



Naive estimator: bispectrum

• Let’s focus on the monopole, because the extension is trivial 

• From the definition:  
 

• We can estimate the bispectrum from direct sampling: 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Complexity of Naive estimator

• To measure bispectrum  
from (k1,k2,k3) = (1,1,1)kF  to (k1,k2,k3) = (Nmax,Nmax,Nmax)kF,  
we need to loop over  
k1x, k1y, k1z, k2x, k2y, k2z 

(then, k3 is determined from triangle condition) 

• Complexity = (Nmax)6 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Roman’s estimator
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Complexity of Roman’s estimator
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• To measure bispectrum  
from (k1,k2,k3) = (1,1,1)kF  to (k1,k2,k3) = (Nmax,Nmax,Nmax)kF,  
we need to loop over  
k1, k2, k3  
and need to calculate the inner product of 3D matrices 

• Complexity = (Nmax)6 

 

 



Yet, Roman’s estimator is much faster!

• Loop is only for k1, k2, k3 : much fewer computation 

• Matrix inner product is much faster than irregular sampling of 
the matrix
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Memory requirement

• To get an unbiased bispectrum, 
Nmesh > 3 Nmax 
for each Iki(x), and we need Nmax of them. 

• We therefore need memory space for at least  
Nmax (Nmesh)3 > 27 (Nmax)4 

numbers 

• With single precision (Float32), already 27 GB for Nmax=128.



Naive parallelization of the estimator

• Naive parallelization : Run each Iki(x) on one CPU 

• Why bad?  
We need to pull out the full 3D array to calculate the inner 
product
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Efficient 
parallelization
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• Multiplication only done locally! 

• Minimize the interCPU 
communication: 

• When FFT the last dimension 

• When reducing the sum



Efficient parallelization, result

Nmax=256 Nmax=512



C vs. Julia

~30 seconds
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FIG. 2: Left: slices of the bispectrum at constant k1. The locations of di↵erent triangular configurations are
highlighted. Right: the flattened bispectrum with a given �k1, where the range of k1 plotted includes the
corresponding slice on the left.

gence field ✓(k, ⌘) into a doublet as

 a(k, ⌘) = (�(k, ⌘),�✓(k, ⌘)/H) (4)

and using the logarithm of the linear growth factor
(D(⌧)) relative to its initial value (Di) ⌘ ⌘ ln(D(⌧)/Di)
as a time variable. Here, H ⌘ d ln a/d⌧ = aH is the
reduced Hubble parameter that is defined with confor-
mal time ⌧ =

R
dt/a(t). The equations of motion for  a,

combining the continuity equation, the Euler equation,

and the Poisson equation, can then be written as2:

@⌘ a(k, ⌘) + ⌦ab b(k, ⌘)

= �
(s)
abc(k, k1, k2) b(k1, ⌘) c(k2, ⌘). (5)

2 As the initial conditions are set in the deeply matter-dominated
epoch, and transient e↵ects are most dominant at higher red-
shifts, our analysis throughout this paper is restricted only in
the flat, matter-dominated (Einstein de-Sitter) universe. Later
time dark energy will only marginally change the analysis as the
PT kernels are insensitive to the background cosmology [24].
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gence field ✓(k, ⌘) into a doublet as

 a(k, ⌘) = (�(k, ⌘),�✓(k, ⌘)/H) (4)

and using the logarithm of the linear growth factor
(D(⌧)) relative to its initial value (Di) ⌘ ⌘ ln(D(⌧)/Di)
as a time variable. Here, H ⌘ d ln a/d⌧ = aH is the
reduced Hubble parameter that is defined with confor-
mal time ⌧ =

R
dt/a(t). The equations of motion for  a,

combining the continuity equation, the Euler equation,

and the Poisson equation, can then be written as2:

@⌘ a(k, ⌘) + ⌦ab b(k, ⌘)

= �
(s)
abc(k, k1, k2) b(k1, ⌘) c(k2, ⌘). (5)

2 As the initial conditions are set in the deeply matter-dominated
epoch, and transient e↵ects are most dominant at higher red-
shifts, our analysis throughout this paper is restricted only in
the flat, matter-dominated (Einstein de-Sitter) universe. Later
time dark energy will only marginally change the analysis as the
PT kernels are insensitive to the background cosmology [24].
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gence field ✓(k, ⌘) into a doublet as

 a(k, ⌘) = (�(k, ⌘),�✓(k, ⌘)/H) (4)

and using the logarithm of the linear growth factor
(D(⌧)) relative to its initial value (Di) ⌘ ⌘ ln(D(⌧)/Di)
as a time variable. Here, H ⌘ d ln a/d⌧ = aH is the
reduced Hubble parameter that is defined with confor-
mal time ⌧ =

R
dt/a(t). The equations of motion for  a,

combining the continuity equation, the Euler equation,

and the Poisson equation, can then be written as2:

@⌘ a(k, ⌘) + ⌦ab b(k, ⌘)

= �
(s)
abc(k, k1, k2) b(k1, ⌘) c(k2, ⌘). (5)

2 As the initial conditions are set in the deeply matter-dominated
epoch, and transient e↵ects are most dominant at higher red-
shifts, our analysis throughout this paper is restricted only in
the flat, matter-dominated (Einstein de-Sitter) universe. Later
time dark energy will only marginally change the analysis as the
PT kernels are insensitive to the background cosmology [24].
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gence field ✓(k, ⌘) into a doublet as

 a(k, ⌘) = (�(k, ⌘),�✓(k, ⌘)/H) (4)

and using the logarithm of the linear growth factor
(D(⌧)) relative to its initial value (Di) ⌘ ⌘ ln(D(⌧)/Di)
as a time variable. Here, H ⌘ d ln a/d⌧ = aH is the
reduced Hubble parameter that is defined with confor-
mal time ⌧ =

R
dt/a(t). The equations of motion for  a,

combining the continuity equation, the Euler equation,

and the Poisson equation, can then be written as2:

@⌘ a(k, ⌘) + ⌦ab b(k, ⌘)

= �
(s)
abc(k, k1, k2) b(k1, ⌘) c(k2, ⌘). (5)

2 As the initial conditions are set in the deeply matter-dominated
epoch, and transient e↵ects are most dominant at higher red-
shifts, our analysis throughout this paper is restricted only in
the flat, matter-dominated (Einstein de-Sitter) universe. Later
time dark energy will only marginally change the analysis as the
PT kernels are insensitive to the background cosmology [24].
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gence field ✓(k, ⌘) into a doublet as

 a(k, ⌘) = (�(k, ⌘),�✓(k, ⌘)/H) (4)

and using the logarithm of the linear growth factor
(D(⌧)) relative to its initial value (Di) ⌘ ⌘ ln(D(⌧)/Di)
as a time variable. Here, H ⌘ d ln a/d⌧ = aH is the
reduced Hubble parameter that is defined with confor-
mal time ⌧ =

R
dt/a(t). The equations of motion for  a,

combining the continuity equation, the Euler equation,

and the Poisson equation, can then be written as2:

@⌘ a(k, ⌘) + ⌦ab b(k, ⌘)

= �
(s)
abc(k, k1, k2) b(k1, ⌘) c(k2, ⌘). (5)

2 As the initial conditions are set in the deeply matter-dominated
epoch, and transient e↵ects are most dominant at higher red-
shifts, our analysis throughout this paper is restricted only in
the flat, matter-dominated (Einstein de-Sitter) universe. Later
time dark energy will only marginally change the analysis as the
PT kernels are insensitive to the background cosmology [24].
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(b) Flattened bispectrum, with �k1 = 0.001 h/Mpc
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(c) k1 = 0.05 h/Mpc
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(d) Flattened bispectrum, with �k1 = 0.001 h/Mpc
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(e) k1 = 0.15 h/Mpc
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(f) flattened bispectrum, with �k1 = 0.005 h/Mpc

FIG. 2: Left: slices of the bispectrum at constant k1. The locations of di↵erent triangular configurations are
highlighted. Right: the flattened bispectrum with a given �k1, where the range of k1 plotted includes the
corresponding slice on the left.

gence field ✓(k, ⌘) into a doublet as

 a(k, ⌘) = (�(k, ⌘),�✓(k, ⌘)/H) (4)

and using the logarithm of the linear growth factor
(D(⌧)) relative to its initial value (Di) ⌘ ⌘ ln(D(⌧)/Di)
as a time variable. Here, H ⌘ d ln a/d⌧ = aH is the
reduced Hubble parameter that is defined with confor-
mal time ⌧ =

R
dt/a(t). The equations of motion for  a,

combining the continuity equation, the Euler equation,

and the Poisson equation, can then be written as2:

@⌘ a(k, ⌘) + ⌦ab b(k, ⌘)

= �
(s)
abc(k, k1, k2) b(k1, ⌘) c(k2, ⌘). (5)

2 As the initial conditions are set in the deeply matter-dominated
epoch, and transient e↵ects are most dominant at higher red-
shifts, our analysis throughout this paper is restricted only in
the flat, matter-dominated (Einstein de-Sitter) universe. Later
time dark energy will only marginally change the analysis as the
PT kernels are insensitive to the background cosmology [24].
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Number of triangles

• Using the same estimator, but with δ=1, we can calculate the 
total number of triangles. Spikes at k1 = k2 + k3



Number of quadrilaterals

Why stop at triangle? Here’s the angle averaged Trispectrum!



Number of pentagons

Why stop at trispectrum? Here’s the angle averaged quadspectrum!



Number of hexagons

Why stop at quadspectrum? Here’s the angle averaged pentaspectrum!



Application: polyspectra with GridSPT

Taruya, Nishimich, Jeong (2018)



Conclusion

• We present an efficient parallel algorithm for calculating 
higher-order polyspectra 

• With the parallelization, we can overcome the high memory 
requirement of Scoccimarro estimator, and the parallel 
version is quite fast! 

• Applying it to GridSPT, we can calculate the SPT prediction for 
the higher-order polyspectra!


